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Abstract 



We derive novel solutions of flux compactification with D7-branes on the resolved 
conifold in type IIB String Theory and later extend this solution to allow for non-zero 
temperature. At zero temperature, we find that adding D7-branes via the Ouyang 
embedding contributes to the supersymmetry-breaking (1,2) imaginary-self-dual flux, 
without generating a bulk cosmological constant. We further find that having D7- 
branes and a resolved conifold together give rise to a non-trivial D-term on the 
D7-branes. This supersymmetry-breaking term vanishes when we take the singu- 
lar conifold limit, although supersymmetry appears to remain broken. We also lift 
our construction to F-theory where we show that the type IIB (1,2) flux goes to (2,2) 
non-primitive flux on the fourfold. 

In the second part of the thesis, we extend these results by taking the non-extremal 
limit of our geometry to incorporate temperature. In this case, the internal NS-NS 
and R-R fluxes are no longer expected to be self-dual, but they should also naturally 
be extensions of the fluxes found above. From the supergravity equations of motion, 
we compute how the new contributions to the fluxes should enter, due to the squash- 
ing of the resolved metric and non-extremality. This provides us with a compelling 
gravity dual of large N thermal quantum chromodynamics with flavor. 
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Chapter 1 
Introduction 



At present, the Standard Model of particle physics and General Relativity to- 
gether provide compelling explanations for almost all physical observations in extreme 
regimes, i.e. both at the very small and very large scales respectively. These theories 
however depend heavily on some fine-tuning of the values of their many parameters 
and furthermore fail to provide a natural mechanism to allow these particular values 
to arise. The absence of such mechanisms to explain the hierarchy between the mass 
of the quark generations and between the gravity and electroweak scales are interest- 
ing examples from the Standard Model, while the fine-tuning of the initial conditions 
for slow-roll inflation is another one from cosmology. 

The hopes that String Theory could encompass the four forces of physics from 
the Standard Model and General Relativity and simultaneously provide a natural 
mechanism for these specific theories to arise are well founded. It contains only one 
free parameter to be fixed, the string scale, while all other parameters are dynamical 
variables to be determined by the ground state. This fact alone legitimizes the hopes 
that String Theory could naturally give rise to the observed parameters of the "real 
world" . 

Unfortunately, two key features of String Theory can, at first sight, appear prob- 
lematic. First, consistency of the theory requires to have 10 spacetime dimensions. 
Six extra dimensions must then be decoupled consistently from the four macroscopic 



1 



dimensions. Second, solutions to String Theory are far from unique. There is a land- 
scape of solutions, each with a different ground state leading to different "real world" 
physics. This then makes it very hard to allow for general features of physics to be 
extracted. Nevertheless, the situation is far from hopeless. 

These "problematic" features of String Theory might actually be exactly what 
we are looking for. The way we deal with these six extra dimensions is crucial in 
defining what will be the resulting four dimensional physics. Finding what type of 
conditions have to be imposed on these extra dimensions is precisely the type of 
natural mechanism we are looking for. Type IIB String Theory will be of particular 
interest for us as its D3-branes are natural objects to associate to the spacetime 
dimensions of our real universe. Flux compactification will then further determine 
what combination of geometry, fluxes and objects are allowed in the extra dimensions 
as full String solutions. Understanding solutions that are close to realistic physics is 
then of primordial importance. Lets see how this can be achieved in two particular 
approaches of interest to us. 



String Cosmology 

Inflation provides a compelling explanation for the homogeneity and isotropy of the 
universe as well as for the observed spectrum of density perturbations. However, 
many cosmological models involve a range of energy scales large enough for generic 
Planck-scale corrections to become significant or inevitably hit a regime where their 
theoretical description breaks down [31 H]. This makes the study of inflation a good 
opportunity to explore the high energy physics predicted by String Theory as well 
as to possibly develop a more fundamental understanding of the microphysics of 
inflation. 

D-brane inflation, where the role of the inflaton field is identified with the position 
of a mobile probe D3-brane, is a particularly promising framework to look for such 
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models [H El El E] , but very few concrete models are actually completely successful 
from a top-down point of view. The well-known work of S. Kachru et al. (KKLMMT) 
[TO] in particular examined the inflaton potential arising from the simple attraction 
between a mobile D3- and a distant D3-brane. Although the potential naively appears 
to be flat enough to sustain enough slow-roll inflation, it also shows that generic 
moduli stabilization gives rise to corrections making the potential too steepp~l 

Subsequently, additional evidence for a possible successful D-brane inflation sce- 
nario were recovered in String Theory using a new key ingredient: D7-branes. The 
work of [12] first added 7-branes to the Klebanov-Tseytlin setup [13] through the 
Kuperstein embedding [14] to stabilize the moduli, before they computed their exact 
contribution to the moduli stabilization potential found in KKLMMT. A following 
paper [T5] then examined the resulting inflationary dynamics. They found that the 
potential for the mobile D3-brane depends heavily on the position of the D7-branes 
and that even heavy fine-tuning is, in general, not possible to allow for inflation. 
Fortunately, they also found that there exists a small region of parameter space that 
allows for a sufficiently flat potential which can lead to enough inflation at an inflec- 
tion point. This occurs when the attraction of the inflaton brane towards the tip of 
the conifold is almost exactly balanced by the attraction towards the 7-brane located 
far in the conifold. This success however depends on the fine-tuning of the position 
and embedding of the D7-brane and the details of the flux compactification. Improv- 
ing our understanding of such types of solution and generalizing them is crucial to 
bring String Theory closer to the physics of the early universe. 

This was our initial motivation for constructing the solution of [16j and is pre- 
sented in chapter [3j We developed a similar solution as in [J_2l[T5], but we embedded 
our D7-branes via the holomorphic Ouyang embedding [T7] and we use the resolved 
conifold geometry, as opposed to the non-supersymmetric Kuperstein embedding and 
the singular conifold of [15] . Although the D7-branes don't break supersymmetry 

1 Note however the recent criticism by Bena et al. [H] 
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spontaneously, the non-primitive fluxes induced by the geometry do break it and 
allow for a D-term potential to appear on the D7-branes. Our hope was that the 
non-primitive fluxes or the D-term might have helped to give slow-roll dynamics with 
less fine-tuning then the usual D3 — D3 scenario [101 [12]. This question however 
was not addressed precisely in [16J. Our main focus was to construct a new class of 
exact supergravity solution that could be used in a top-down approach from String 
Theory to "real-world" physics. The results obtained here turned out to be crucial in 
a different domain: particle physics. In chapters [4] and |5j it will become obvious how 
[T6] formed a proper starting point towards more realistic embedding the Standard 
Model in String Theory. 



Towards Embedding the Standard Model 

As we mentioned earlier, the Standard Model of particle physics provides a theoretical 
explanation for almost all of particle physics observations, but fails to provide a 
natural mechanism to explain its specific symmetries and the values taken by its 
parameters. String Theory is again an ideal candidate as an extension of the Standard 
Model as its internal dynamics could provide such a mechanism. 

The primary tool to introduce Standard Model-like theories within String Theory 
is the AdS/CFT correspondence (also named holography or gauge/gravity duality). 
It establishes that the gauge theory living on D-branes, induced by the open strings 
ending on it, is equivalent to the resulting closed string spectrum, which includes 
gravity. In other words, an open string stretched between two branes is equivalent 
to a closed string exchange between the branes. This duality was first formulated by 
Maldacena p2] where he conjectured that the AdS$ x S 5 geometry induced by a stack 
of N parallel D3-branes is dual to the M = 4 SU(N) Super Yang-Mills gauge theory 
living on the branes. The four gauge fields of the gauge theory are associated to the 
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position of the string endpoints on the brane, while the six scalars correspond to the 
oscillations of the position of the D3-branes in the transverse space. 

Since the gauge and gravity descriptions of the same setup are suggested to be 
equivalent, one might immediately want to compare their individual predictions. We 
quickly realize however that the validity of their respective calculations are in opposite 
regimes. Let us look at the parameters involved. First, the string coupling g s , which 
describes the couplings between the strings and thus between the gauge fields, can 
be identified with the Yang-Mills coupling, g\ M = 4irg s . Then, we take g s to be 
small in order to suppress the effect of the closed string loops. Moreover, the 't Hooft 
couplings of the SU(N) gauge theory is given by A = g\ M N and the AdS radius 
of the geometry is given by L 4 = 47rg s Na' 2 , or L 4 /a' 2 = A. Let us remember that 
A is the natural expansion parameter for Yang-Mills theories for small A. In order 
for the approximation done when we go from the worldsheet action to supergravity 
to be valid, the a' parameter must be taken to be small. This in turn tells us, in 
combination with the previous relationship, that the 't Hooft coupling A of the gauge 
theory must be large, forcing us into the strong couping regime of the gauge theory. 
Consequently, if the conjecture is true, the well-understood weak coupling regime of 
supergravity would then be a window into the less-understood strongly coupled field 
theories, and vice versa. Notice from the definition of the 't Hooft couplings that 
\/g s ~ N, which tells us that when A is large and g s is small, N must then be very 
large. 

Starting from this specific gauge/gravity duality, one might then be interested in 
exploring more general classes of gauge theories. Indeed, Maldacena's conjecture is for 
highly supersymmetric flavorless conformal zero-temperature large N gauge theories. 
This was due to the simplicity of the gravity setup which only included D3-branes 
with 5-form flux compactified on an S 5 , without internal fluxes or other types of 
branes. There is then obvious interest to generalize the AdS/CFT correspondence 
towards more realistic field theories. 
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A first generalization was done by Klebanov and Tseytlin (KT) [T3] where M 
additional parallel D5-branes were added. From the gravity side, this added self-dual 
3-form fluxes and changed the internal geometry to a T 1 ' singular conifold, which is 
less symmetric than S 5 . From the gauge theory side, the gauge group was enhanced 
to SU(N + M) x SU(N), the previous six scalars are now chiral complex scalar fields 
and a logarithmic running of the couplings was induced by the new fluxes. Here, 
the supergravity solution with additional branes and fluxes reduced the amount of 
supersymmetry but enhanced the gauge group and enriched the internal geometry. 

The KT solutions however had an inherent singularity which was resolved by 
Klebanov and Strassler (KS) [12] ■ The running of the fluxes on the gravity side was 
understood from the gauge theory point of view as a Seiberg-duality cascade. As 
we move down the RG scale (towards smaller radius in gravity), the symmetry of 
the gauge flux is progressively broken, which in turn is seen as a reduced amount of 
fluxes and branes on the gravity side. This mechanism avoids the IR singularity and 
provides a gravity realisation (deformation of the conifold) of the confinement in the 
gauge theory (reduction to SU(M) symmetry). 

Two further extensions then brought us even closer to the realistic gauge theories. 
First, P. Ouyang [T7] successfully added flavor to the gauge theory by including 
supersymmetric D7-branes to the supergravity solution of KT. This made the fluxes 
even more general by allowing the running of the axion-dilaton field, but neglected 
the backreaction of the branes on the geometry. Second, the extension the KT gravity 
solution to include temperature, first without fundamental matter J2DJ EE] and later 
with fundamental matter (22J E31 EH EH]) attracted a lot of attention. The key tool 
used here is to modify the geometry to that of a non-extremal black hole which 
induces a non-zero temperature. The work of (213 EZ] in particular demonstrated 
how one should deviate from the usual self-dual 3-form fluxes once temperature is 
incorporated, but could not find a complete answer. These works also focused only 
on the IR physics and did not address the question of UV completion. This left the 
questions of Wilson loop divergences and Landau poles unanswered. 
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Based on some results obtained in [TB] and presented in chapter [3j the work of [TJ 
125] conjectured an explicit KS-type supergravity background that would include both 
flavor D7-branes and non-zero temperature on a squashed conifold. From this, they 
further conjectured the precise form the fluxes should take to allow a UV completion, 
but never computed the precise equations for the fluxes and the geometry. The first 
part of [29] made significant progress towards solving exactly the full supergravity 
equations of motion in this generalized background and the later part, presented in 
chapter |5j looks more precisely at the particular equations for the fluxes. 

From the AdS/CFT point of view, this construction brings us much closer to a 
realistic gravity realisation of the Standard Model's gauge theory than Maldacena's 
original construction. After introducing fundamental flavor via D7-branes, the gauge 
theory is no longer conformal and could even be UV complete. Temperature is in- 
cluded via non-extremality and supersymmetry is broken by the generalization of the 
geometry. If the large N requirements could be relaxed, both for the number of colors 
and flavors, then we would be as close as we could imagine to a gravity dual of the 
Standard Model. 



Overview 

This thesis is organized as follows: Chapter [2] presents a literature review of the 
supergravity constructions presented above, up to the Klebanov-Strassler construction 
and GKP's flux compactification. Chapter [3] then presents our results on D7-branes 
embedding on the resolved conifold, the resulting D-term and the F-theory lift of 
the fluxes. The second part of the thesis then goes towards the thermal solutions. 
Chapter [1] presents how temperature is embedded via non-extremality in gravity, 
reviews previous approaches to a non-extremal Klebanov-Tseytlin solution, and gives 
some details of the background for which we constructed and solved the supergravity 
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equations. Finally, chapter [5] presents our calculations for the equations for thermal 
fluxes. 
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Chapter 2 



Towards the Duality Cascade and 
Flux Compactification 

Finding new solutions to the equations of motion of String Theory with a clear 
holographic dual is not an easy task. Significant progress has been made since the 
early work of Maldacena [IB], especially towards flux compactification on conifold 
geometries. 

Here, we will review how new solutions were developed by gradually implementing 
new ingredients. We will mostly follow the historical development of their findings 
but with a modern point of view. Starting with the simple Klebanov-Witten con- 
struction, we will progressively make our way to the Klebanov-Strassler solution with 
its duality cascade pjj] and its compact version developed by Giddings, Kachru and 
Polchinski [50] . This forms the basis upon which we will develop our solutions pre- 
sented later in this thesis. Attention will be given to both the gravity and the gauge 
theory aspects of the particular solutions and only the features that are of interest to 
us will be presented. 

2.1 The Klebanov-Witten Solution 

While Maldacena's = 4 original conjecture was on S 5 , which is the most sym- 
metric internal manifold, other less symmetric manifolds, like the conifold T ' , also 
exhibit a clear holographic meaning with less supersymmetry. The Klebanov-Witten 
solution (KW) [31 J is the first of a series of solutions on the conifold geometry. It 
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also contains only D3-branes, but the conifold breaks the supersymmetry to M = 1, 
allowing the gauge theory to have a superpotential. The "magic" of AdS/CFT tells 
us that the symmetries and the equations of motion for the fields in the superpoten- 
tial are also the equations and symmetries that describe the position of the branes 
in the geometry. The fields describing the stack of N D3-branes will then have the 
SU(N) symmetry corresponding to the interchange of the N position fields of each 
brane, as well as the symmetry of the angular rotations around its position. This 



brane configuration is illustrated in Figure 2.1 



N D3 




j3 



S 



Figure 2.1: In the Klebanov-Witten solution, only a stack of iV parallel D3-branes is 
located at the tip of the conifold. 



More precisely, from the gauge theory point of view, when the branes are located 
at the tip of the conifold, the resulting gauge theory is an M = 1 superconformal 
SU(N) x SU(N) gauge theory. It contains 4 chiral superfields: Ax,A 2 , transforming 
under the (N, N) of the gauge group, and Bi, B 2 transforming in the conjugate rep- 
resentation. These superfields combine together in the gauge theory's superpotential 
W = \e ij e kl TrAiB k AjBi which has the extra SU(2) x SU(2) x U(l) global symmetry 
group of the conifold. This global symmetry actually contains 2 spurious U(l) sym- 
metries: one axial symmetry and an R-symmetry associated to chirality, which will 
remain unbroken here. 

From the dual gravity side, the D3-branes in type IIB supergravity are compact- 
ified on a warped conifold with a UV (or large radius) limit of AdS$ x T 1 ' 1 . The 
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conifold is a 6-dimensional cone with base T 1 ' 1 and T 1,1 is a (577(2) x SU(2))/U(1) 
coset space with S 2 x S 3 topology and the same global symmetry as the gauge theory. 

Concretely, the warping of the metric means that the full 10-dimensional metric 
is of the form 

ds 2 w = h- l ' 2 (r)r]^dx^dx v + /i 1/2 (r)ds 2 (2.1) 
where the warp factor h(r) is given by 

h(r) = 1 + ^ (2.2) 
with L 4 = 4ng s Na' 2 and ds\ is given by the conifold metric: 

dslonifoid = dr2 + r2d T^ ( 2 - 3 ) 

with 

1 1 2 

dsri.i = -(dip + cosM^i + cos 9 2 d4> 2 ) 2 + - ^{dd 2 + sin 2 6W0-). (2.4) 
9 6 z — ' 

8=1 

Connecting the gravitational and gauge theory perspectives, one can see [31] that 
the two couplings of the gauge theory are related to the integral of NS-NS B 2 and 
R-R C2 2-form moduli over the S 2 of T 1,1 . In particular, their relation is given by 



4tt 2 4tt 2 

—r- H 5- = 7re 

»1 92 
47T 2 _47T 2 _ ? 

2 2 
Pi ^2 



.ab(/,*)"'] (mod2T) ' (2 ' 5) 

In the present context, with only D3-branes, both B<i and the dilaton happen to be 
constant, making the g\ and g 2 couplings to be constant and the gauge theory to be 
conformal. 

This regular D3-brane solution can however be made much more rich by adding 
fractional D3-branes to the regular ones. This solution is known as the Klebanov- 
Tseytlin (KT) solution [TSj and will serve as the starting point in the UV of a series 
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of Seiberg dualities, which Klebanov-Strassler (KS) [IS] demonstrated to be an RG 
flow fully illustrating gauge/gravity duality. 

2.2 The Klebanov-Tseytlin Solution 

The Klebanov-Tseytlin solution (KT) [32] considered the effect of adding M frac- 
tional D3-branes, corresponding to D5-branes wrapping the 2-cycle of T 1,1 at the tip 
of the conifold, to the KW solution. These extra branes are additional possible loca- 
tions for string endpoints and thus enhance the gauge group to SU(N + M) x SU(N). 
This affects the corresponding gauge theory on the branes by breaking conformality 
while still preserving J\f = 1 supersymmetry. Note that on the gauge theory side, the 
Ai and B t fields are now transforming under the (N + M, N) representation of the 
gauge group and its conjugate. This new configuration is illustrated below in Figure 



N D3 




i ► 

r 

Figure 2.2: In the Klebanov-Tseytlin solution, M parallel D5-branes are placed on 
top of the N D3-branes on the collapsed 2-cycle of T 1 ' 1 at the tip of the conifold. 

An exact supergravity solution was found in KT for the 3- and 5-form fluxes, 
where the D5-branes source M units of fluxes on F 3 as D5-branes are charged under 
the Hodge dual of F 3 , i.e. under F 7 = *i F 3 . The 3-form flux solutions are then given 
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by 

F 3 = Mw 3 B 2 = 3g s Mw 2 In(r/r ) (2.6) 

H 3 = dB 2 = 3g s M-dr A w 2 

r 

where w 2 and w 3 are closed and are also the basis of the S 2 and S 3 of T 1,1 . Note 
also that these fluxes, combined into G 3 = F 3 + ie~^H 3 are self-dual (iG 3 = *qG 3 ), 
forcing the dilation to be constant. 

A significant effect of these fluxes is their backreaction on the full 5-form F 5 = 
dCi + B 2 A F 3 , which may now be written as: 

^ 5 =^5 + *io^5, = /C(r)vol(T 1 - 1 ) ) (2.7) 
JC(r) = N+^g s M 2 Hr/r ) (2.8) 

This further contributes to the warp factor h(r), which in the near-horizon takes form 



ft M = £( 1 + W logr > (2 - 9) 



The important feature to notice of this solution is the logarithmic dependence on 
the radial coordinate r, also called the RG scale, which can go infinitely negative at 
small r. More precisely, as r decreases, i.e. towards the IR of the RG flow, both T§ and 
h(r) decrease towards zero and eventually become negative. This singularity of the 
gravity solution is a clear hint that both the gravity and gauge theory description must 
be completed by new emerging elements as we move towards the IR. Furthermore, 



putting the B 2 flux (2.6) into (2.5), we see that the fractional branes introduce a 



logarithmic running of the couplings, thereby explicitly breaking the conformality. 

2.3 The Klebanov-Strassler Duality Cascade 

The apparent singularity of the KT solution was best understood later through 
the interpretation given by Klebanov and Strassler (KS) [19] . Their solution not only 
provides a mechanism to resolve and avoid the singularity, but also gives a geometrical 
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realisation of confinement, as we would like to obtain from QCD-like theories. Let us 
explore how this occurs. 

From the supergravity point of view, the amount of J s2 B 2 flux does not have to 
be periodic. As this flux decreases by one unit when r decreases, so does the the 
5-form flux by M units: /C(r) — > /C(r) — M. Equivalently, the effective number of 
3-branes also decreases: N — > N — M. This is interpreted as the gauge group changes 
from SU(N + M) x SU(N) to SU(N — M) x SU(N) as we go down one step in the 
RG scale. This process is called a Seiberg duality. Assuming N is an integer multiple 
of M, this duality can be repeated until the IR limit where the gauge group simply 
becomes SU(M) without quark flavor. This series of dualities is called a duality 
cascade. 

What happens at the end of this duality cascade is best illustrated from the gauge 
theory point of view. There, the U(1)r symmetry of the chiral fields is first broken 
to Z 2 m by the presence of the M the fractional branes and further down Z 2 by the 
inclusion of the Affleck-Dine-Seiberg (ADS) [32] contribution to the superpotential. 
This is exactly what we expect from confinement for pure M = 1 SU(M) gauge 
theories and the reason we say there is confinement in the IR region of the duality 
cascade. 

The ADS contribution to the superpotential leads to what is seen, from the super- 
gravity perspective, as a resolution of the geometry. This changes the compactification 
geometry from that of the conifold to the deformed conifold with a finite size S" 3 in 
the IR. More precisely, the geometry at the bottom of the cascade is of the form 

d 2 def = F 1 [r)dr 2 + F 2 (r)(dip + cosM0i + cos 9 2 d^) 2 ) 2 

+ F 3 {r){d6 2 + sin 2 + d6 2 2 + sin 2 6 2 d<j) 2 2 ) ( 2 - 10 ) 
+ -F 4 (r) [cos ip(d9id9 2 + sin 6\ sin 9 2 d(pid(f) 2 ) — cos ^(sin 6 2 d(p 2 d6i — sin 9id<pid9 2 )] 

Here, both 2-spheres have the same radius but the U(l)^ shift is broken by the last 
line and allows for the blown up 5* 3 at r = 0. In this limit, both B 2 and F 5 go to zero 
at r = while F 3 remains non-zero and is spread over the S* 3 . This is understood as 
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there are no more regular D3-branes and the D5-branes wrapping the collapsed S 2 
are smeared or dissolved over the S" 3 , leaving no branes remaining in the IR. This is 
illustrated in Figure 2.3 




/ 

Figure 2.3: At the end of the duality cascade, all the D3- and D5-branes have been 
dessolved into fluxes on the geometry, resulting in a finite size S 3 at the tip of the 
conifold. 

The full KS solution is an interpolation between the KT solution in the UV and 
the deformed solution in the IR. In the UV, branes wrap the conifold as a superstring 
solution and generate the gauge group on their world volume. As we move towards 
the IR, the branes dissolve into the geometry, deforming the conifold, reducing the 
gauge group and leaving us with a pure supergravity solution without branes as a 
source. This is the essence of the duality cascade. 

Finally, if the UV completion of this setup could explicitly realize asymptotic 
freedom, String Theory would have provided a complete picture of the confine- 
ment /deconfinement phase transition of QCD-like theories. This however will be 
presented in the work of [U |28] as part of chapter |4j 

2.4 The Pando Zayas-Tseytlin Solution 

There are two natural ways to smooth the singularity of the conifold at r = 0: 
make the S 3 of finite size (deformed conifold) or make the S 2 of finite size (resolved 
conifold) |33]. Similar to the Klebanov-Strassler model, Pando Zayas and Tseytlin 
(PT) [M] have shown that a warped geometry can be created by fluxes in the resolved 
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conifold background with fractional 3-branes. The type IIB supergravity solution was 
found to correspond to the KT and KS solution in the UV (at large r), but differences 
arise in the IR (small r) where the resolution appears. The PT solution can then be 
seen as a new starting point for the duality cascade. Before we look to the details of 
the PT solution for fractional branes, let us review the resolved conifold geometry. 
Since this will be of much importance later, more details will be provided here than 
in previous sections. Notice too that the solutions presented so far correspond below 
to the case where we take the resolution to vanish. As we can see, taking a = in 



(2.23) brings us back to the metric of KW (2.4) and we recover the same geometry. 

The resolved conifold is a manifold which looks asymptotically like the singular 
conifold, but is non-singular at the tip. Its geometry can be derived by starting with 
the singular version, a non-compact Calabi-Yau 3-fold, that can be embedded in C 4 
as [35] 

4 



5> 2 = 0. (2.11) 



i=l 

This describes a cone over S 2 x S 3 , which becomes singular at the origin. By a change 
of coordinates this can also be written as 

yz -uv = 0, (2.12) 

which is equivalent to non-trivial solutions to the equation 

= 0, (2.13) 

in which £i,£2 are homogeneous coordinates on CP 1 ~ S 2 . For (u,v,y,z) ^ (away 
from the tip), they describe again a conifold. But at (u, v,w, z) — this is solved by 
any pair (^1,^2)- Due to the overall scaling freedom (£1,^2) ~ ^£2) we can mod 
out by this equivalence class and (^1,^2) actually describe a CP 1 ~ S 2 at the tip of 
the cone. The resolved conifold can be covered by two complex coordinate patches 
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(H + and H_), given by 

H+ = Ui^O} = {(«,y;A)K ! /,AeC}, A = | (2.14) 

H- = {i 2 *Q} = {{v,z;n)\v,z,neC} , n=*±. (2.15) 
On H + we have that 

z = —uX , v = —yX , (2-16) 

on H_ 

y = -vfi,u=-zfi, (2.17) 
and on the intersection of these two patches, the coordinates are related by 

(v,z;n) = (-yX, -uX; 1/A) . 

The holomorphic coordinates are conveniently parametrized by 

z = (9aV + p 6 ) 1/ V 2 ^ 1 -<« sin^/2) sin(# 2 /2) 

y = (g Q y + p 6 ) 1/4 e W+*i+fc.) cos(0i/2) cos(# 2 /2) 

u = (9aV + P 6 ) 1/4 e i/2(V,+ ^"^ 2) cos(0i/2) sin(0 2 /2) (2.18) 

v = (9aV + p 6 ) 1/4 e l / 2 ^-^ + ^) sin(^/2)cos(^/2). 

Here, 0j = . . . 7r, 0; = . . . 2n are the usual Euler angles on S 2 , ip = . . . An describes 
a U(l) fibre over the two 2-spheres and p = . . . oo is the radial coordinate. Note 
that our radial coordinate p is related to the commonly-used r via p 2 = 3/ (2r 2 )F'(r 2 ), 
where F(r 2 ) appears in the Kahler potential K of the resolved conifold 

K(r) = F(r 2 ) + 4a 2 log(l + |A| 2 ) . (2.19) 

Note that the Kahler potential is not a globally defined quantity, since A is only 
defined on the patch H + that excludes £i = 0. For completeness let us also quote 
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[35 , 



El] 




dF(r 2 ) 



- 2 (-2a 2 + Aa 2 N- l '\r) + N 1 l\r 



» 



with (2.20) 



dr 2 



N(r) 



r 4 - 16a 2 + Vr 8 - 32a 6 r 4 



(2.21) 



The inverse relation between p and r is found to be 




6\l/4 



(2.22) 



In terms of these real coordinates the Ricci-flat Kahler metric on the resolved conifold 
reads 



with n(p) = (p 2 + 9a 2 ) /(p 2 + 6a 2 ). In the limit a — > one recovers the singular 
conifold metric. Note that as p — > 0, the (#2,02) sphere remains finite, whereas 
for the singular conifold both (9i,4>i) spheres scale with p 2 /6. Therefore, a is called 
"resolution" parameter and gives the radius of the blown-up 2-sphere at the tip. 
It will be useful later on to have a set of vielbeins that describes this metric, i.e. 



res 



+£(d9l + fm 2 9 1 d(J)j) + 




6 




(2.24) 



i=i 
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Following [33], we choose 



e 2 = — — - (dV> + cos #i + cos 2 d0 2 ) = — ^— 

e3 = (sin-^/2 sin 6 1 ! c?0i + cos^/2 (i^i) 
V6 

e 4 = -^=(-cos^/2 sinM0i + sinV>/2d0i) (2.25) 
V 6 

e5 = — -= (sin^/2 sin# 2 d</> 2 + cos^>/2 d# 2 ) 

V6 

e 6 = — = (— cos-^/2 sin # 2 d<fi 2 + simp/2 d6 2 ) 

V6 

as they lead to a closed Kahler form J as well as a closed holomorphic 3-form Q with 
a simple complex structure induced by 

jC 1 - 1 ) = ei Ae 2 + e3Ae4 + e 5 Ae 6 , fi {3 ' 0) = (ei+ie 2 ) A(e 3 +ie 4 ) A(e 5 +ie 6 ) , (2.26) 

in other words we define our complex vielbeins to be 

Ei = et+ie 2 , E 2 = e 3 + ze 4 , E 3 = e 5 + ie 6 . (2.27) 

This results in a coordinate expression for J as 

J = ^-dp A (dip + cos 8 1 d(pi + cos 8 2 d<p 2 ) 

(P 1 c? -\- Go? 

+ — sin^i#i Ad6i + sin 6 2 d(f) 2 A d6 2 . (2.28) 

6 6 

As mentioned above, the full supergravity solution for the resolved conifold was 
derived by Pando-Zayas and Tseytlin [34J (PT) and includes non-trivial RR and NS 
flux with constant dilaton. It can be understood as placing a stack of fractional D3- 
branes (i.e. D5-branes that wrap a 2-cycle) in this background. This construction is 



illustrated in Figure 2.4 



The ten-dimensional metric is found to be 

ds\ Q = h- 1/2 (p) rj^dafda? + h 1/2 {p) ds 2 6 , (2.29) 
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N D3 




S 



r 

Figure 2.4: The PT solution is a natural extension of the KT solution where the 
2-cycle wrapped by the D5-branes is non-singular at the tip of the conifold. 



where dsg refers to the resolved conifold metric found in (2.23). This asymmetry in 



the resolved geometry plays a crucial role here as it determines the asymmetry in the 
flux on the 2-cycles and is the source of supersymmetry breaking. The 3-form fluxes 
in this background arep~| 

# 3 = dp A [f[{p)d6i A sin Ox d(j> 1 + feip) d6 2 Asia 6 2 d(j)2\ (2.30) 
F 3 = Pe^p A (dOi A sin d x #i - d9 2 A sin 9 2 dfa) (2.31) 

and the self-dual 5-form flux is given by 



F, = JF + *JF 



7 = K(p) A dOi A sin Q x dtp! A dd 2 A sin 9 2 dfa , (2.32) 



where 



MP) 
hip) 
K(p) 



-g s P\n(p 2 + 9a 2 ) 



/36a 2 



ln[p 16 (p 2 + 9a 2 )] 



P l 



2\5i 



(2.33) 



1 There is a typo in eq. (4.3) of [31], concerning the sign of F% 
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and where P is proportional to the number of fractional D3-branes M and Q propor- 
tional to the number of regular D3-brane9p~[ and both are proportional to a' . 

In the large p limit (p 3> 3a 2 ), we reproduce exactly the KT solution [13] with its 
characteristic logarithmic behavior. In the small distance limit (p <C 3a 2 ), the solution 
allows for singularities to appear for K(p) and h(p) at pa and ph respectively. Since 
Pk > Ph, one expects the geometry to stop at px- Expanding around pK in the IR, 
one gets a similar behavior as in the deformed conifold case [19] and should expect 
confinement. 

Let us rewrite the above solution in a new notation that we defined earlier. Using 



(2.25) we can rewrite the 3-form flux in terms of vielbeins 



^ 18P , . 18P (e 2 A e 5 A e 6 + ie t A e 3 A e 4 ) , 

G 3 = —3-= e 2 Ae 3 Ae4 + 2e 1 Ae 5 Ae 6 + 1 2 5 6 r^ =4; -■ 2.34 

P 3 v^ pv/p 2 + 6a 2 v/p 2 + 9a 2 

The vielbein notation is extremely convenient to see that this flux is indeed imaginary 
self-dual. The Hodge dual is simply found to be 

* 6 (e n A e l2 A . . . A e ih ) = e iii2 ^ h+1 " i6 e lk+1 A . . . A e ie 



and does not involve any factors of y/g. We use the convention that €123456 = ^123 
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1. With the complex structure (2.27) the PT flux becomes 

-9P 



p VP 2 + 6a 2 ^/p 2 + 9a 2 



(p 2 + 3a 2 ) (Ei AE 2 AE 2 -E 1 AE 3 A E 3 ) 
+ 3a 2 (E 2 AE 1 AE 2 + E 3 AE 1 A E 3 )] . (2.35) 



We make several observations: This flux is neither primitive^"] nor is it of type (2,1). It 
has a (1,2) and a (2,1) part, which cannot be avoided by a different choice of complex 
structure. 



1 Different notations have been used to represented the number of branes. It is 
understood that Q ~ a' 2 N ~ L 4 and P ~ a'M and it should be obvious from the 
context. 

3 Since J = | Ylii-^i ^ ^i) ^ follows immediately that J A G 3 has a non- vanishing 
E 2 A E 3 A Ei A E 2 A E 3 part that is proportional to a 2 . 
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It was pointed out in [SB] and confirmed in [33] that this solution breaks super- 
symmetry. The reason lies in the (1,2) part of the 3-form flux. Analysis of the 
explicit susy variations lead to require J A G3 = (primitivity) and G3 being purely 
(2,1) J37J 138J. Therefore, the PT flux breaks susy "in two ways", which are actually 
equivalent statements for ISD fluxes. As we will shown in the next section, it is, 
nevertheless, a supergravity solution because the 3-form flux G 3 = F 3 — 1H3 obeys 
the imaginary self-duality condition *qG3 = 1G3. 

We also observe that, in the limit a — > 0, the (1,2) part vanishes, the flux becomes 
primitive, and we recover the singular conifold solution. This indicates that the 
resolution forbids a supersymmetric supergravity solution, i.e. the blow-up of a 
nontrivial 2-cycle in a conifold geometry can lead to supersymmetry breaking. We 
will use this fact to our advantage. Before we do so, let us step back and elaborate 
on supersymmetric flux compactification on compact manifolds. 

2.5 GKP Flux Compactification 

Although the KS solution is a fascinating string solution for regular and fractional 
branes, it is nevertheless relies on the non-compact conifold. If this could not be 
solved, it would be a problem as non-compact manifolds are generically not suitable 
for reducing to four dimensions since they induce an infinite 4d Planck mass (M^ 4D = 
Mp 10D Vo). Fortunately, flux compactification allows for warped compactifications 
which are locally like KS, but globally compact. The work of Giddings, Kachru and 
Polchinski (GKP) [30] provided a fully compact supergravity solution with fluxes 
which stabilized all the moduli, except one, and obtained a hierarchy from quantized 
fluxes. Since we will use the same procedure later to solve for the thermal supergravity 
equations in chapter |4| we will review their compactification here. 

We start with the SL(2, Z)-invariant type IIB action: 

5lIB = — -y 
1 



d w x 



R 



d a rd a f G 3 ■ G 3 Fg 
2|Imr| 2 12Imr 4-5! 



C4AG3A G 3 
Imr 



hoc 



(2.36) 
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where Si oc is the action for all the localized sources, like D-branes. 
We have defined the complex axion-dilaton field as 

r = C + ^ , (2.37) 

the combined complex 3-form flux as 

G 3 = F 3 -tH 3 , (2.38) 

and the full 5-form flux as 

F 5 = F 5 -^C 2 AH 3 + ^B 2 AF3 . (2.39) 

The condition F 5 = *ioF 5 must be imposed by hand on the equations of motion and 
F 5 = dC A . 

As always, we look for warped solutions of the form 

ds 2 10 = e 2A Vflu dxV + e- 2A g mn dy m dy n (2.40) 

where x^ are the 4-dimensional spacetime coordinates maintaining the Poincare sym- 
metry and y m are on the compact 6-dimensional manifold M.q. We will allow the warp 
factor A and the fluxes to vary only on the compact directions. Poincare invariance 
allows us to turn on a 5-form flux of the form 

F 5 = (1 + * w )(da A dx° A dx 1 A dx 2 A dx 3 ) (2.41) 

where a is a function of the compact space. 

Turning our attention to the sources of Si oc , for a Dp-brane wrapping the space- 
time directions and a (p — 3)-cycle £ in Ai e with vanishing fluxes on the brane, the 
leading order terms in a' in the action are 

Sioc = - J dv +l iT p ^g + ^ p J C p+1 . (2.42) 
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Considering this action, let us now look for solutions to the equations of motion. 
Einstein's equations of motion, trace reversed, are 

1 



Rmn — kiq(Tmn — ^9mnT) 



(2.43) 



where Tmn = T M U ^ RA + T M C N is the total stress tensor of the supergravity fields and 
the localized sources respectively. In particular, the contribution from the localized 
sources is defined as 



rploc 

MN 



2 SS, 



loc 



MN ' 



(2.44) 



With the action 2.36, the Einstein equations of motion then reads 



R 



G3 ■ G3 F| 



Rr 



48 Imr 8 ■ 5! 
Gs ■ G3 



+ 



rp rp abed 

4^4! 



+ K 10 ( ^t°° 



loc 



+ 



48 Imr 8 ■ 5! 

2 I rploc _ £ rploc 

^10 1 1 mn ymn-l- 



+ 



rp p abed ri befi f) q-p) 

r mabcd r n , ^nbc , L 'm' t -'n' 



4-4! 



+ 



4 Imr ~^ 2 llmrl 2 



(2.45) 



Using the fact that the five-form flux is self-dual and of the form (2.41 ), the spacetime 
components of the equations become 



R 



/IV 



-9^ 



G 3 -G 3 | e~ 8A d m ad" 
48 Imr 



a 



4 



1 



loc 



(2.46) 



With our metric ansatz (2.40), the Ricci tensor along spacetime reads 

1 



R,u = -r ] , u e iA V 2 A = -^(V 2 e' A -e-' A d^e iA d^ A ^ 



4 



(2.47) 



where the tildes refers to the compact metric g mn and where the Laplacian V 2 is 
defined as: 



g^dM + d m g mn dn<\> + -g mn 9 pq d n g pq d n 



(2.48) 
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Using (2.47) and tracing (2.46), we get 



= JA GrnnpG™* + e -6A/g gm Q + q iAgm^ (349) 

12Imr v ' 

This equation, without local sources T Zoc , is the origin of a no-go theorem for warped 
compactifications [391 SO]- Integrating both sides of the equations on a compact 
manifold, the LHS vanishes because it is a total derivative, while the RHS is a sum of 
squares which each have to vanish individually, leaving no non-trivial solution. This 
theorem can fortunately be evaded in string theory because the source terms on the 
RHS can give negative contributions, allowing warped compactifications. 

Turning away from the Einstein equations, let us look at the equations of motion 
(or Bianchi identity) for the 5-form flux. 

dF 5 = H 3 AF 3 + 2K 2 10 T 3 p l ° c (2.51) 

where p 3 is the 3-brane charge density from all localized sources, including e.g. possi- 



ble 7-branes. Integrating (2.51) over Aie, we obtain the type IIB tadpole-cancellation 
condition 



1 



H 3 AF 3 + Q 3 = , (2.52) 



2^10^3 JM 

where Q 3 is the total charge from p 3 . This shows that if Q 3 ^ 0, 3- form flux must 
be turned on. Note also that if D3 charge is induced on D7-branes, it will have a 
negative contribution to Q 3 . Lifting to F-theory on a Calabi-Yau four- fold X, we can 
show that Q 3 is given Q 3 = Nd 3 — x{X), where xPO is the Euler characteristic of the 
four-fold X wrapped by the 7-brane in Ai and iV^ is the D3-brane charge present. 



Using our metric (2.40) and 5-form flux ansatz 2.41, the Bianchi identity (2.51) 
becomes 

^2 a = ie 2A mnp ^ ' + 2e- 6A d m ad m 4 4A + 2K 2 10 e 2A T 3 p l ° c (2.53) 
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where *6 is the dual along the compact directions. Subtracting this from (2.49), one 
gets 

6Imr 1 



V 2 (e 4A -«) = ^—\iG 3 - * 6 G 3 \ 2 + e- 6A \d(e 4A - a)\ 2 (2.54) 



+ 2n\ e 2A [\{T™ -Tfi° c - T 3 pf] 

Integrating over M.§, the LHS integrates to zero while the RHS is non-negative, 
assuming the contribution of the local sources respects the BPS-like condition. Thus, 
taking the 3 terms on the RHS to be zero, we conclude that 

• the 3-form flux is imaginary self-dual (ISD) 

* 6 G 3 = iG 3 , (2.55) 

• the warp factor and 4-form flux are related 

a = e 4A , (2.56) 

• and the BPS condition is saturated 

\{T™-T£) l ° c = T 3 p l ° c . (2.57) 

Note that D3-branes, D7-branes on 4-cycles and 03-planes all saturate the BPS 
condition. 

The remaining equations to satisfy are the 3-form Bianchi identities 

dF 3 = dH 3 = , (2.58) 
the Einstein equations along the compact directions and the r-field equations 

%m = 2 |Imr| 2 Kl ° \ n ~ g9 mn J (2.59) 
~ v = Vr ■ Vr 4^ (Imr) 2 5S D7 
ilmr V~9 ^ 

To summarize, a necessary and sufficient condition to have a solution to all of the 
supergravity equations of motions on a compact manifold is to require the manifold 
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to satisfy (2.59) and (2.60), the F 3 and H 3 forms closed, an ISD G 3 flux and to satisfy 
the tadpole-cancellation and BPS conditions. 

Let us now turn our attention to the superpotential formulation of the moduli 
stabilisation. The scalar potential of J\f — 1 4d supergravity can be derived by direct 
dimensional reduction of the IIB supergravity action. It is induced by the flux kinetic 
term 

1 f G 3 A *G 3 

where the Hodge star is taken on the internal manifold, so this integral runs over the 
six internal dimensions. This can be rewritten as a potential plus a topological term, 
if we split G3 in its ISD and anti-ISD part 

G 3 = G 1SD + G AISD , G^ 1SB = i (G 3 ± i * G 3 ) 

*G ISD = *G ISD , *G AISD = -iG AlSD . (2.62) 

Then this part of the action becomes 

1 f G AISD A *G AISD i f G3AG3 



2k\q J Imr Ak1 J Imr 

= -V-N aux . (2.63) 

The second term is topological and independent of the moduli. In a compact setup it 
will be cancelled by the localised charges, if we use the tadpole cancellation condition 
J H 3 A F 3 = -2k 2 10 T 3 Q\ oc . This condition is of course relaxed in a non-compact 
space, but we want to keep the point of view that we can consistently compactify our 
background in an F-theory framework. The potential for the moduli is given by the 
anti-ISD fluxes onlyf] 

1 /'G' AISD A*G AISI> 



4 For a more precise treatment that also includes warping, the Einstein term and 
the F5 flux term see [H]. The qualitative result remains unchanged. It was actually 
shown that the GVW superpotential is not influenced by warping. 
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This means that the potential vanishes identically for ISD flux and the resulting 
condition *G 3 = iG 3 fixes almost all moduli, namely complex structure moduli and 
dilaton. 

If the basis of the complex structure moduli space is given by the holomorphic 3- 
form Q (which is AISD) and h 2 ' 1 primitive ISD (2,1) forms Xi, the flux G 3 is expanded 
in this basis. Upon this expansion, the scalar potential takes a form that only depends 
on the coefficients of the expansion of the anti-ISD part 

G aisd =gi n + gixi (2.65) 

and becomes 

2Imr k\ q J n A Q 

This is identical to the standard scalar potential of Af — 1 4d supergravity in terms 
on the superpotential W and the Kahler potential JC 

V = e K \ D * W \ 2 ~ 3 \ w \ 2 j > ( 2 - 67 ) 
if the superpotential is the usual Gukov-Vafa-Witten [12] potential 

W = [ G 3 A tt . (2.68) 



The Kahler potential would be given by 

K = - log(-z J tt A tt) - log[-z(r - f )] - 3 log[-z(o- - a)} , (2.69) 

where a is the Kahler modulus associated with the overall volume of the Calabi-Yau. 
The (2,1) forms x« enter through the derivative of Q, because the derivative of Q with 
respect to a complex structure parameter Zj has a (3,0) and a (2,1) part (see e.g. 

PI) 

g = fc,(,,^°) + X f 1) . (2.70) 



In (2.67) the index a runs over all Kahler moduli k a , complex structure moduli Zi and 



the dilaton <3>. The Kahler covariant derivate is D a W = d a W + W d a JC. For no-scale 
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models one finds a cancellation between the covariant derivatives with respect to the 
Kahler moduli against the last term, i.e. 

Y,\D ka W\ 2 = ?>\W\ 2 

so that 

V = e^J^lAWl 2 , (2.71) 

i 

where now i only runs over the complex structure moduli and <3> only. It is therefore 
easy to see that even with zero cosmological constant, V = 0, and satisfing the 
supergravity equations of motion, we can still have broken supersymmetry, as D ka W 
can be nonvanishing. Finally, by solving all D^W = equations, we effectively 
stabilize all these moduli, leaving only the Kahler moduli unstabilized. 



Summary 

Throughout this chapter we developed gravitational constructions which are dual 
to gauge theories. Each improvement brings us a step closer to accurately describing 
the observed QCD of the Standard Model. The KW model gaves us the colours, 
the KT model broke conformality and The KS model realised confinement. The PT 
and GKP solutions further refined the gravitational details by respectively resolving 
the singularity of the conifold, and addressing the compactness and supersymmetry 
realization. We will now turn our attention towards including D7-branes on the the 
resolved conifold. This will correspond to a non-singular geometry which is dual to a 
KS-type gauge theory with flavor. 
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Chapter 3 



D7-branes on the Resolved 

Conifold 



Our motivation in studying the warped resolved conifold with soft supersymmetry 
breaking is to come a step closer to a consistent string theory background that can 
be used to study inflation later, embeddings of the Standard model. Current D- 
brane inflation models (e.g. pm HSJ IHJ 115] ) are usually embedded in a particular 
type IIB string theory setup that has become known as the "warped throat" . It is a 
background on which fluxes create a strongly warped Calabi-Yau geometry via their 
backreaction on the metric. The Calabi-Yau in question is taken to be the conifold 
or its cousin the deformed conifold, in which the tip of the throat is non-singular. 
Placing an anti-D-brane at the bottom of the throat and a D-brane at some distance 
from it, breaks supersymmetry. Consequently, the D-brane is attracted towards the 
bottom of the throat with the inter-brane distance serving as the inflaton. As has 
been pointed out in a variety of papers [TOl IT5] , it is very hard to achieve slow roll in 
these models. 

As an alternative one can break supersymmetry spontaneously by turning on 
appropriate fluxes, e.g. instead of lifting the potential with an anti-D-brane, one can 
turn on D-terms. (This idea was put forward in jl6], but needed some corrections 
[l?! HSJ. In short, one can only generate D-terms in a non-susy theory, i.e. if there 
are also F-terms present [^9].) 
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There has been much interest in D-terms coming from string theory [5T)l loTj 152"} 
153"} [M] both for particle phenomenology and cosmological applications. D-terms 
can generically be created by non-primitive flux on D-brane worldvolumes. It turns 
out, however, that in the case of only D3-branes, the D-terms will vanish in the 
vacuum |50j. Even with D7-branes and D3/D7 setups, the cycles wrapped by the 
branes need to fulfill non-trivial topological conditions to achieve a D-term uplifting 
[52] . Although D-brane inflation mostly considers D3-branes, D7-branes have been 
established as a key ingredient for moduli stabilisation. Non-perturbative effects 
(gaugino condensation) on their worldvolume allow the stabilization of the overall 
radial modulus. 

In light of this knowledge, we propose a background that breaks supersymmetry, 
but still solves the supergravity equations of motion. It contains D7-branes, which 
allow for the creation of D-terms. With cosmological applications in mind, this 
background is a "relative" of the warped throat, i.e. it looks asymptotically like 
a conifold, but has a different behaviour near the tip. The key ingredient is the 
blow-up of a 2-cycle (in contrast to the 3-cycle of the deformed conifold) , which will 
introduce non-primitive flux into the theory. This flux still solves the equation of 
motion as it is imaginary self-dual (ISD). Generically, such a flux cannot exist on 
a compact Calabi-Yau. We therefore have to generalise our manifold to some non- 
CY compactification, or keep the whole setup non-compact. For simplicity, we will 
follow the latter approach, giving some speculations about what a consistent non-CY 
compactification might induce. 

3.1 The Type IIB Picture 

In this section, we show how fluxes can be added without violating the supergrav- 
ity equations of motion and how D7-branes contribute to this flux. 
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3.1.1 The scalar potential and supersymmetry with (1,2)- 
flux 



We have just argued in section 2.4 that the non-primitive (1,2) flux breaks super- 



symmetry. One might therefore wonder if it can be used to uplift our potential to 



a positive vacuum. The answer is no because, as is obvious from (2.64), the scalar 
potential always remains zero when the flux is ISD, regardless of whether or not the 
vacuum breaks supersymmetry. But how can we understand this from the point of 



view of the SuGra potential as expressed in (2.67)? Clearly, there is no F-term asso- 



ciated to derivatives w.r.t. the Kahler parameter or the dilaton, as the superpotential 



(2.68) does not depend on them. But what about an F-term D Z .W? Let us for a 
moment assume we are still talking about a CY, although (1,2) ISD flux cannot exist 
on a compact CY. So we still assume our moduli space to be parameterised by Q and 



Xi- Let us furthermore assume the superpotential is still given by (2.68). Then it 



is easy to see that there could be a non-vanishing derivative of W w.r.t. a complex 



structure parameter. Using (2.70) one finds 



d z W = ki(z,z)W + J G 3 A X f' 1 \ (3.1) 



which could be nonvanishing for G3 of type (1,2). But (1,2) flux can only be ISD if 
it is proportional to the Kahler form, G^ 1 ' 2 ^ = j' 1 ' 1 ) A rh^ 0,1 \ so this becomes 

d Zi W = [ ^AmMAxf 1 ' = (3.2) 



when we use the fact that \% i s primitive, J^ 1 ' 1 ) A xf' 1 ^ — 0- If there is no (0,3) part 
present, W vanishes identically and 

D Z W = d z W + Wd z X = 0, (3.3) 

so all F-terms vanish in our setup. Note that in the non-compact scenario the term 
— 3|iy| 2 is absent (we neglected Mp in above formulae). However, our argument does 
not depend on the no-scale structure of the model. W is identically zero, because we 
don't have any (0,3) flux turned on, and all F-terms vanish individually. 



32 



This discussion has two weak points: First of all, we can no longer assume our 
moduli space is only parameterised by Q and Xi if we allow for a (1,2) flux. Once we 
compactify, there has to be a basis for the one-form m^ 1 ' ) as well (for simplicity of the 
argument let us assume there is only one such 1-form in the following). This would 
modify the derivative of f2, the natural guess respecting the (3,0) + (2,1) structure^"] 
being 

|^ = kj(z, z)Q^ + X f 1] + Vj J {l ' l) A . (3.4) 

If we keep using the GVW superpotential, we get an additional term 

d z W = J G 3 A [y 3 J&Q A m^) = J A A v 3 J™ A , (3.5) 

which will in general be non-zero for the type of G% flux we have turned on. However, 
the superpotential will also change since we have to expand G3 in this new basis as 



well. Equation (2.65) changes to 

Gf SD = gi Q + gixi+93J^fh. (3.6) 



Plugging this into the scalar potential (2.64) does not give (2.66), but additional terms 



due to m. To bring this into the form of the standard SuGra F-term potential we 
would need to know the metric on the new moduli space, which does not correspond 
to a CY anymore. Finding the relevant moduli space would allow one to see how 
W changes. It is likely that it will contain terms with J, and thus will introduce a 
dependence on Kahler structure moduli. This breaks the no-scale structure and we 
have to re-examine the cancellation between Dk a W and W. Regardless, we know 



that the combination Y2 a \D a W\ 2 — 3|H^| 2 has to vanish, as (2.64) remains valid. ISD 
flux cannot give a non-zero potential. 

In addition, it is worth noting that we may have to modify the superpotential as 
to include a term enforcing primitivity. In the compact CY setting this is already 



1 In the case of a complex manifold, the original derivation [13] holds and (3.4) 
would not acquire an extra term. 



33 



taken care of, because an ISD (2,1) form is always primitive. The ISD (1,2) form, on 
the other hand, is not. If we allow for this type of flux, we should introduce a term 
that reproduces the primitivity condition as a susy condition DW = 0. This was 
already considered in an M/F-theory context |42j, where it was conjectured that 

W = J J A J AG 4 . (3.7) 

Then DjW = leads to the primitivity condition JAG4 = for the 4-form flux on the 
8-manifold. It is not obvious how this term reduces to type IIB. It will not give rise to 
a superpotential, but rather to a D-term, as it depends on the Kahler moduli and not 
the complex structure moduli. For a K3 x K3 orientifold, the dimensional reduction 
of W has been carried out [51] and the result agrees with that obtained in type IIB 
from a D7-worldvolume analysis |52j. Also in the F-theory setup, only the non- 
primitive fluxes on the D7-branes create a D-term in the effective four-dimensional 
theory. We can therefore safely conclude that the supersymmetry breaking due to the 
(1,2) flux will not be visible in the scalar potential that appears from the reduction 
of the IIB bulk action. 

There is also an enlightening discussion in [B3] where it was illustrated that, from 
an F-theory point of view, a flux of type (0,4), (4,0) or proportional to J A J can break 
supersymmetry without generating a cosmo logical constant. It is the latter case that 
corresponds to non-primitive ISD flux in IIB. We do not have an explicit map between 



these two types of fluxes, but we give some arguments in section 3.2.3 It should be 
clear that ISD flux lifts to self-dual flux in F-theory and that the non-primitivity 
property is preserved in this lift. 

To summarise, the supersymmetry breaking associated to non-primitive (1,2) 
fluxes will not give rise to an F-term uplift, as the scalar potential generated by 
the flux in the IIB bulk action remains zero, so does the superpotential if we rely on 
the CY property of the resolved conifold. We can, however, in the spirit of KKLMMT 
[TO] allow a non-vanishing Wo that is created by fluxes in the compact bulk that is 
glued to the throat. It does not appear in the scalar potential because of the no-scale 



34 



structure of these models (but it will, once the no-scale structure is broken by non- 
perturbative effects or because the superpotential is not simply the one from GVW 
[12] anymore). The (1,2) flux gives rise to an "auxiliary D-term" [38j, which is absent 
in the 4d scalar potential but can be understood as an Fl-term from an anomalous 
U(l) on the D7 worldvolume (the pullback of the B-field on the D7 worldvolume 
enters into the DBI action). Let us therefore turn to the question how to embed a 
D7 in the resolved conifold background; we will then turn to the computation of the 
D-terms in section [5.1.31 

3.1.2 Ouyang embedding of D7— branes on the resolved coni- 
fold 

We consider now that addition of D7-branes to the PT background. In [T7], a 
holomorphic embedding of D7-branes into the singular conifold background was pre- 
sented. Such an embedding is necessary to preserve supersymmetry on the subman- 
ifold, although not alone sufficient (complete BPS conditions are found in [56| [5T] ) . 
The particular holomorphic embedding chosen in [17J is described by 

z = // 2 , (3.8) 



where z is one of the holomorphic coordinates defined in (2.18). Although we already 
know that the PT background breaks supersymmetry, we will use precisely the same 
embedding (we consider only // = for simplicity). The configuration and ingredients 



used here are illustrated in Figure 3.1 



It is worth emphasising that this embedding, first considered on the singular coni- 
fold, remains holomorphic on the resolved conifold (details are found in Appendix 
A]). As a consistency check we should always be able to recover the original singular 
solution in the limit a — > 0. This singular solution from [17] is actually not supersym- 
metric, though one might have expected otherwise. The embedding is holomorphic, 
but supersymmetry requires in addition that the pullback of the flux is (1,1) and 
primitive on the cycle wrapped by the D7. The latter condition is not met by the 
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N D3 



N f D7 




r 

Figure 3.1: Our construction is the extenson of the KT solution in 2 ways: 1) A 
resolution of the 2-cycle is introduced, making the conifold non-singular in the IR. 2) 
We add D7-branes in the UV through the Ouyang embedding. 



singular Ouyang embedding in [T7]. However, as we will demonstrate in section 3.1.3 
this susy breaking in [T7j does not manifest itself in a D-term. 
The D7-brane induces a non-trivial axion-dilaton 



i N , 
r = — + — log z. 
g s 2m 



(3.9) 



where N is the number of embedded D7-branes. Since r is given by (2.37), we can 



extract the individual running of the axion and dilaton fields associated to the Ouyang 
embedding: 



C 



N 
Air 



(tp - 0i - <j> 2 ) 



(3.10) 



T~ lo S( r + 9a r ) - — log sm — sin — (3.11, 

0, 07T All V 2 2 / 



g s m ~ ' 2ir ~ \ 2 2 

As pointed out in [15], this shows that there is an additional running of the dilaton 
when the two-cycle in the "resolved warped deformed conifold" is blown up. How- 
ever, as we focus on the limit where the geometry looks like the resolved conifold, we 
recover the PT supergravity solution, which has a constant dilaton. We will there- 



fore concentrate on the running of the dilaton (3.9) as generated by the D7-brane 



embedding. This running dilaton was not taken into account by [15], where the D7 is 
embedded in the singular conifold and a D3-brane is attracted towards an anti-D3 at 
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the bottom of the throat. The given reasoning is that the dilaton contribution should 
be exactly cancelled by a change in geometry when approaching the supersymmetric 
limit (if the D7-brane embedding is supersymmetric and the D3-brane preserves the 
same supersymmetry, the scenario has to be stable when the susy-breaking anti-D3 
is removed). Our setup, on the other hand, is non-supersymmetric from the start 
and therefore we are not led to conclude that the running of the dilaton should vanish 
from a similar line of argument. It will, however, be suppressed by the susy breaking 
scale. For a viable inflationary scenario one should rather use the resolved warped 
deformed conifold; its running dilaton will be the primary reason for a D3 to move 
towards the tipp [ In this section we simply want to study the backreaction of the 
dilaton onto the background. 

We determine the change the dilaton induces in the other fluxes and the warp fac- 
tor at linear order g s N, see appendix [A] for details of the calculation. We neglect any 
backreaction on the geometry beyond a change in the warp factor, i.e. we will assume 
the manifold remains a conformal resolved conifold. A distortion of the conifold with 
Ouyang embedding has been studied in e.g. [58], where the D7-branes are smeared 



over the angular directions, such that the dilaton does not exhibit the behaviour (3.9), 
but runs as log p only. Instead of choosing this approximation we will rather attempt 
to make some statement about the expected manifold from an F-theory perspective. 
We first embed D7-branes in the non-susy PT setup, neglecting any back-reaction 
on the internal manifold and then lift the resulting warped resolved conifold with 
non-trivial axion-dilaton to F-theory. The resulting four-fold is in general not a fi- 



bration over a Calabi-Yau three-fold, even in the orientifold limit (see section 3.2 for 



this discussion). Solving the full equations of motion would require us to determine 

1 Such a scenario has been studied in [45J, where the running dilaton due to a 
blown-up 2-cycle was parameterized by SN(a) logz, where a is a small resolution. 
This analysis was based on the original Ouyang embedding [17J, which we will now 
reconsider for the resolved conifold. 
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the Ricci tensor of the internal manifold from 

d m rd n f + d n rd m f f D7 1 D7 \ 

-n-mn 4(Imr) 2 V " g " m ™ J ' l°- ±z J 

where is the energy momentum tensor of the D7 evaluated in our non-trivial 
background. However, we can rely on the fact that in a consistent F-theory compact- 
ification this equation is automatically satisfied [30] when several stacks of D7-branes 



and 07-planes are taken into account. An actual computation of the RHS of (3.12) is 
generically difficult. This is because to compute T mn of the D7 branes we would first 
need to evaluate the non-abelian Born-Infeld action for N D7 branes, and secondly 
extend the action to curved space because the D7 branes wrap non-trivial surfaces in 
the internal space. We have not been able to perform this direct computation (be- 
cause of the absence of adequate technology), but we give an indirect confirmation of 
our background from F-theory in the next section. 

Consider first the Bianchi identity, which in leading order becomes (H 3 indicates 



the unmodified NS flux from (2.30), whereas the hat indicates the corrected flux at 
leading order) 

dG 3 = dF 3 - dr A H 3 - t A dH 3 = -dr A H 3 + 0((g s N) 2 ) (3.13) 

) A (dftip) A d6i A sin^ d<k + df 2 (p) A d6 2 A sin# 2 rf0 2 ) + 0((g s N) 2 ) . 
Zm z J 

In order to find a 3-form flux that obeys this Bianchi identity, we make an ansatz 

G 3 = ( 3 - 14 ) 

where {r/j} is a basis of imaginary self-dual (ISD) 3-forms on the resolved conifold. 
In accordance with the observations about the cohomology of G 3 , we do not restrict 
ourselves to (2,1) forms, but allow for r\i of (1,2) cohomology as well. With the 
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convention (2.27) we define 



rjt = E x A E 2 A E 2 - E 1 A E 3 A £ 3 

?]2 = E t A E 2 AE 3 - E t A E 3 A E 2 

r] 3 = Ei A E 2 AE~i + E 2 A E 3 A E 3 

774 = Ex A E 3 A E 1 - E 2 A E 3 A E 2 

775 = E 2 AE 3 AE 1 



(3.15) 



?? 6 = ^1 A ~E X A E 3 + E 2 A E 2 A E 3 
777 = Ex A Ex A E 2 - E 3 A E 2 A E 3 
7] 8 = E 2 A Ex A E 2 + E 3 A Ex A E 3 



Note that there are five (2,1) ISD forms, but only three (1,2) ISD forms. This is due 
to the fact that a form of type (1,2) can only be ISD if it is proportional to J. 

Not surprisingly, there is no solution to the Bianchi identity involving only the 
(2,1) forms. We find a particular solution in terms of only four of above eight 3-forms 



ax(p) Vi + e-'^ /2 a 3 (p, 6 J r, 3 + e -^ /2 a 4 (p, 9 2 ) 774 + a 8 (p) r/ 8 , (3.16) 



with 



atx 



&3 



a.i 



3g s NP 



18a 2 - 36(p 2 + 3a 2 ) log (£) + (10p 2 + 72a 2 ) log 



\ p 2 +9a 2 



V / p 2 + 6a 2 v / p 2 + 9a 2 



r ATD 72a 4 - 3p 4 + aV(log(p 2 + 9a 2 ) - 561ogp) Q x 

-9^iVP^- 9a2l ^ 2 + 9 ^ cot^ 
87rpVp 2 + 6a 2 2 



3a 2 



p 2 + 3a 2 



3g 8 NP 



-9(p 2 + 4a 2 ) + 28p 2 log p + (81a 2 + 13p 2 ) log(p 2 + 9a 2 ) 
8vrp 3 v / p 2 + 6a 2 v / p 2 + 9a 2 



(3.17) 



+ et\ 
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Note that a§ is implicitly given by a\. Furthermore, we find a homogeneous solution 

G h 3 om = (3 1 (z,p)r ll + e- i ^ 2 ^(p,9 1 )r l3 + e-^ 2 (3 4 (p,9 2 ) m (3.18) 
+e-^f3 5 (p,9 1 ,9 2 )r ]5 + (3 8 (z,p)r ]8 , 



with (3i given in (A. 10). This solution has the right singularity structure at z = and 
p = 0, but it does not transform correctly under SX(2,Z). When ■?/> — > ip + 47r, the 
axion-dilaton transforms as r — > r + AT. This would imply that G3 has to be invariant 
under this shift, which is true for the particular solution, but not the homogeneous 
one. We therefore conclude that the correction to the 3-form flux, which is in general 



a linear combination of P 3 and G 3 om , is given by (3.16) only 



G 3 = G 3 + P 3 . (3.19) 



Note that in terms of r\i the original 3-form flux was given by 



G 3 =-9P (P^j^+^L, ( 3. 2 o) 

pVp 2 + 6a Vp 2 + 9fl2 



We can now determine the change in the remaining fluxes and the warp factor, at 
least to linear order in (g s N). We find the corrected RR and NS flux from the real 
and imaginary part of G 3 , respectively 

G 3 — G 3 , ~ G 3 -\- G 3 , . 

H 3 = _ 3 and F 3 = 3 . 3.21 

t — r 2 

This results in the closed NS-NS 3-form 

H 3 = dp A e^p A (ci d9\ + c 2 d9 2 ) + dp A (c 3 sin 6 1 ! d9\ A d0i — c 4 sin 9 2 d9 2 A d0 2 ) 

/p 2 + Q a 2 \ 

+ f — — — d sin 9 1 d(j) X - I c 2 sin ^ 2 #2 J A c$i A rf^ 2 (3.22) 
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and the non-closed RR 3-form (note that F 3 = F 3 — CqH 3 , where F 3 is closed) 

F 3 = dp A A (ci sin 9 X d<pi + c 2 sin 9 2 d<p 2 ) 

9s 

H — A (cs sin #1 d^i A d</>i — c 6 sin 9 2 d9 2 A d</> 2 ) 
9s 

1 /a o 2 + 6a 2 \ 

sin Ox sin 2 - c 2 d9 x - — c x d9 2 ) A dfa A d0 2 , (3.23) 

£s V 2 2 P / 



see (A. 15) for the coefficients Cj. This allows us to write the NS 2-form potential 



(dB 2 = H 3 



9 9 
B-2 [ bi(p) cot y d0i + 6a (r) cot -jd6 2 ) A 



(3.24) 



+ 



47T 



sin y sin y j +6; 



(p) 



sin 0i d0i A 



. 9 X . 9 2 



{ o _ /)2 (-36a 2 + 9p 2 + 16p 2 logp + p 2 log(p 2 + 9a 2 )) log (^sin ^ sin ^ ) + 6 4 (p) 
x sin 9 2 d9 2 A d0 2 , 



where the coefficients are given in (A. 17). This mirrors closely the result for the 



singular conifold [T7] and we can indeed show that we produce this result in the a — > 
limit. Away from the singular limit, we find an asymmetry between the (#i,</>i) and 
(9 2 ,<j) 2 ) spheres, which was to be expected since our manifold (the resolved conifold 
or its more complicated cousin, the resolved warped deformed conifold) does not have 
the Z 2 symmetry that exchanges the two 2-spheres in the singular conifold geometry. 
The lesser degree of symmetry is naturally also expressed in the fluxes. 

The five-form flux is as usual given by (*io indicates the Hodge star on the full 
10-dimensional warped space) 



(l + SioXd/r 1 AdV) 



(3.25) 



which requires knowledge of the warp factor h(p) that is consistent with these new 
fluxes. In order to solve the supergravity equations of motion one requires 



h 2 Ah- 1 -2h 3 d m h~ 1 d n h- 1 g 



1 „mn 



-Ah 



G 3 AG 3 
6(r — t) 



* fi dF* 



(3.26) 
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where A is the Laplacian on the unwarped resolved conifold and all indices are raised 
and lowered with the unwarped metric. After some simplifications the Laplacian on 
the resolved conifold takes the form 

tin 2 _|_ 27fl 2 fi / -\ fi / 

Ah = Kd > + P l* + ^) dph+ 7 fa h + cot6ld ^ h ) + ^T^ { d l h + cotd ^ h 

This should be evaluated in linear order in N, since we solved the SuGra eom for the 
fluxes also in linear order. As the the right hand side of 



*« dF* 



54g s P 



vrp 6 (p 2 + 6a 2 )(p 2 + 9a 2 ) 



12vrp 4 + 9aV (8vr - g s N) + 54a 4 (4vr + g s N) 



+9 S N 



(25p 4 + 66aV - 54a 2 ) logp + (10p 4 + 102a 2 p 2 + 189a 4 ) log(p 2 + 9a 



+6(p 4 + 6a 2 p 2 + 18a 4 ) log I sin — - sin ^ 



(3.27) 



appears sufficiently complicated, we need to employ some simplification. The obvious 
choice is to consider /)>«, i.e. we only trust our solution sufficiently far from the tip. 
As in the limit a — > we recover the singular conifold setup, we know our solution 
takes the form [17] 



h( P ,e 1 ,e 2 ) 



l 4 , 
1 + ^< l 



ira'Q 



logp 



3g s N ( i 

M l0gP+ 2 



(3.28) 



g s N ( . e 1 . e 2 \]\ 

— log^sm-sm-jjj+O 



with L A = 27irg s a'Q/4:. Apart from the a 2 /p 2 -correction, this is the same result as 
for the singular conifold [T7J. We have not been able to find an analytic solution at 
higher order, but considering that most models work with even cruder approximations 
of the warp factor (i.e. h(r) ~ log r/r 4 ), we believe this should suffice. 

3.1.3 D-terms from non— primitive background flux on D7— 
branes 

Soft supersymmetry breaking via D-terms on D7-branes has been considered in 
[50] . and was later applied to more realistic type IIB orientifolds j52j |53] or their 
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F-theory lift [HH [21] (see also [3H] for a IIA scenario); the most general study for gen- 
eralised CYs has appeared in [BU]- The established consensus is that non-primitive 
flux on the D7-worldvolume gives rise to D-terms in the effective 4-dimensional the- 
ory, which can only under certain conditions remain non-zero in the vacuum. One 
way to phrase the necessary condition is to require that the 4-cycle wrapped by the 
D7-branes admits non-trivial 2-forms that become trivial in the ambient Calabi- 
Yau, i.e. the if 2 -cohomology on the four-cycle is bigger than just the pullback of 
H 2 {CY). (Equivalently [52] states that the 4-cycle needs to intersect its orientifold 
image over a 2-cycle that supports non-trivial flux. The same is true in the case 
of two stacks [53] intersecting over a 2-cycle.) This condition can be satisfied for 
the Ouyang embedding in the /i ^ case: The resolved conifold admits only one 
non-trivial 2-cycle, the sphere that remains finite at the tip. The 4-cycle that the 
D7 wraps, on the other hand, can also have a non-trivial cycle spanned by (#i,0i), 
if the D7 in the Ouyang embedding do not reach all the way to the bottom of the 
throat. On the D7, this cycle will never shrink completely. Nevertheless, we are 
mostly concerned with the case \x = here. In contrast to [521 [53] we consider the 
pullback of a background field with non-vanishing fieldstrength, not the zero mode 
fluctuations, i.e. we do not expand the worldvolume flux in a basis of H 2 . This gives 
rise to a D-term that depends on the overall volume of the manifold and the resolu- 
tion parameter a. Though an orientifold will be necessary to consistently compactify 
our background, we will not specify any orientifold action here, as we do not know a 
specific compactification our background. 

Following the derivation in [53], [60j , we extract the D-terms from the DBI action. 
Suppose our stack of TV D7-branes wraps a 4-cycle E as specified by the Ouyang 



embedding in section 3.1.2 The full DBI action for the 8-dimensional worldvolume 
(in string frame) reads 



S D7 = -fn (F£e-' s '\l\g + B -2ita'F\ (3.29) 
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where the symbol " indicates the pullback of the metric and the NS field onto the D7, 
F is the worldvolume gauge flux. With this product ansatz for the spacetime this 
expression becomes 



S D7 = -fM 7 J tFze-'VI&l y|l + 27ra , ^ i F 4 |r, (3.30) 

where and F4 indicate the 4-dimensional part of the metric and gauge flux and 
one defines 



r = / trevfe + ^l, (3.31; 



where we have introduced T = B — 2ira'F. In the following, the pullback is always 
understood as onto the 4-cycle S. We do not consider any gauge fields along the 



external space .M4. The quantity (3.31) is the main parameter for the D-terms. 



Expanding the full action (3.29) at low energies yields the potential contribution 

V D7 = p 7 e^V~ 2 V , (3.32) 

where the volume V of the resolved conifold is defined as 

V = \ ! JAJAJ = [ R p 3 (p 2 + 6a 2 )dp = ^R^tf + ga 2 ). (3.33) 

6 J Y 108 J 81 

This integral has to be regularised by an explicit cut-off, as we study the non-compact 
case. Simply cutting off the radial direction does probably destroy the holomorphicity 
condition, but we will ignore this subtlety here. 

One can write [53] T = Te~ 11 ^ = |r|e*^~^, where £ is determined from the BPS 
calibration condition and 

f = -[(jAJ-FAF)+i[jAF. (3.34) 

Then the condition for the D7 to preserve the same supersymmetry as the 07 corre- 
sponds to ( = ( = 0, or equivalently Imr = 0. Allowing for a small supersymmetry 
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breaking one expands the D7-potential (3.32) in Imr -C Rer and finds 



V, 



D7 



1 
2 



/i 7 e 3 *V- 2 Ref + ^/i 7 e 3 *V- 2 



:,,] ' v - 2 • '(Rer) 2 + (Imr) 2 
(Imf) 2 



Rer 



(3.35) 



The first term in this expansion will be cancelled by the tadpole cancellation condition 
in a consistent compactification. The second term is interperted as the susy-breaking 



D-term. The real and imaginary part of V are easily read off from (3.31 ) (the integrals 
are real) and can be calculated for our explicit case at hand. All we need to know is 
the pullback of the Kahler form onto the 4-cycle and the worldvolume flux J 7 . 
We would like to consider the simple case such that 



0. 



(3.36) 



as we have an explicit solution of this form. There could be gauge flux on the D7-brane 
to could restore supersymmetry in the a — > limit. It is noted again that to preserve 
supersymmetry, holomorphicity is not enough. One also needs the worldvolume flux 
to be of pure (1,1) type and primitive [56] . The reason that it is so difficult to achieve 
non-trivial D-terms with closed B is that F could always cancel the non-primitive 
part of B [52], unless some non-trivial topological conditions are met. 

In calculating the D-terms, we must treat the D7 as a probe. Thus the B-field 



that is pulled back is not the one we calculated in (3.24), but the original PT solution 



B = /a(p) sin 6 X d9 1 A dtpi + f 2 {p) sin 9 2 d9 2 A 



(3.37) 



where fi and f 2 were defined in (2.33). The embedding z = we use has actually 2 



branches, since 



n In 2 4 , 6\l/4 • #1 • #2 

= (9a p + p ) sin — sin — 



(3.38) 



can be satisfied by either 9\ = or 9 2 = 0. This implies that also 0i =fixed or 
02 =fixed, as 9i being zero refers to the pole of one of the 2-spheres where the circle 
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described by 4>i collapses. The full holomorphic cycle is then a sum over these 2 
branches. 

Consider the 2 four-cycles Si = (p, if), 0i, 9i) and S 2 = (p, if), 4> 2 , 9 2 ) that corre- 
spond to the branches # 2 = and 9\ = 0, respectively. The complex structure induced 
on them is actually a trivial pullback of the complex structure on the resolved conifold. 



Using the complex vielbeins (2.27), we see that 



Si = (Ei\g 2=0 , E 2 ) , S 2 = (Ei\e 1= o, E 3 ) , (3.39) 

where in Ei\g 2=0 and Ei\g 1=0 the imaginary part is truncated to 

lmEi\g 2=0 = (dip + cos 9 1 dcfii) and lmEi\g 1=0 = (dip + cos 6 2 dfa) , 

respectively. It is easy to show that the induced complex structure on the four-cycle 
still allows for a closed Kahler form. With this observation we find the pullback of B 
onto both branches 

— 3i — 3i 

B\^ = — h E 2 AE 2 , B\^ 2 = f 2 E 3 AE 3 , (3.40) 

p z p z + ba z 

which turn out to be of type (1,1). But that does not mean they are primitive. In fact, 
as we will see shortly, the pullback of B is not primitive on each individual branch, 
but in the limit a — > the D-term generated by them vanishes when summing over 
both branches. So it appears that the Ouyang embedding in the singular conifold [17] 
breaks supersymmetry due to this non-primitivity, but generates neither an F-term 
nor a D-term. Supersymmetry could possibly be restored by choosing appropriate 
gauge flux, but we solved the equations of motion only for the case F = 0, so we will 
keep working with this assumption. In general, F would mix with the metric in the 
e.o.m., changing our original setup. 
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If we consider the B-field (3.24) that reflects the D7-backreaction, we find its 



pullback onto Ei (the case of £ 2 is completely analogous) 



B 2 1 Si = bi(p) cot — dOi A {dip + cos^i dcpi) 
3g|iVP 
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(3.41; 



+ 



(1 + log(p 2 + 9a 2 )) log (sin | • + 6 3 (p) 



sin #1 dOi A 



'1 • 



We encounter the usual problem that B contains terms with logz, so naturally we 
find a log-divergent term if we pull back onto a cycle that is described by z = 0. 
However, this is not our concern here. We just want to point out, that this B-field is 
not of pure (1,1) type anymore, but rather contains (2,0) and (0,2) terms as well: 



B 



2 Si 



3V3ibi(p)_ cQt 01 r e #/ 2( £ AE 2 — E± A E 2 ) + e~^ 2 {E 1 A E 2 + E 2 A E x 
-V 2 v '2/,-(p) 2 - - 



3z 

~2 



(1 + log(p 2 + 9a 2 )) log (sin | • ) + b 3 (p) 



E 2 A E 2 . (3.42) 



For our considerations the probe approximation shall suffice. We could not obtain 



any sensible result with the B-field (3.41) anyway, as we would have to integrate 



over the divergent points 9^ = 0. Naturally, this is some kind of self-interaction and 
divergent. 

Let us now turn to the calculation of the D-terms for the embedding p = 0. The 



crucial integral for the D-term coming from (3.34) is given by the pullbacks of J and 



B. We still need to give the pullback of J onto both branches: 

p p 2 

J Ei = - dp A (dip + cos d\ d<pi) H sin 9\ d<p\ A d9\ 

3 6 

p p 2 -|- 6a 2 

J\n 2 — 7T dp A {dip + cos 6*2 d(p 2 ) H sin 9 2 d<p 2 A d9 2 

3 6 

And we repeat the pull-back of B in terms of real coordinates: 



(3.43) 



B\ 



/i(p) sin^i d9i A 



£|s 2 = h{p) sin 2 d6 2 A d(j> 2 . (3.44) 
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The D-term is now obtained from Imr in (3.34) 
D = I J| El A5| El + I J| E2 Afils, 

J Si S2 

= 7.fi sin 6»i dp A # A d0i A 0i + / ? /a sin #2 dp A dip A d6 2 A <^3.45) 

We see immediately that for the case j\ = —f'2, i-e. the singular a — > limit of 
the KT solution, the D-term vanishes after summing both cycles, even though the 
pullback of B is non-primitive in this case. For the case a 7^ we can perform the 
integrals, again introducing a cut-off R for the radial direction. We find 

^97r 2 n P 

D = y — [9a 2 log{9 + a 2 )-{9a 2 ~2R 2 )\ogR-(9a 2 + R 2 )\og{9a 2 + R 2 )} . (3.46) 
9 



To obtain the full D-term potential, we also need Rer from (3.34). Looking at 



the pullbacks of the B-fields (3.40) we see that BAB vanishes for both branches, so 



Ref = I f J| Sl A J| Sl + l - I J| S2 A J 

J Si J S2 



s 2 



9 

The total D-term potential then reads 

V - 1 ue^V~ 2 (Imf )2 
59049 /i 7 e 3 * 



l " 2 R 2 (R 2 + Qa 2 ). (3.47) 



512tt 8 i? 10 ^ 2 + 6a 2 )(i? 2 + 9a 2 ) 2 



(3.48) 



with the D-term D from (3.46). In the probe approximation, $ is just the constant 
background dilaton and can be set to zero. This is one of the main results of our 
paper. We find a non-zero D-term created by non-primitive (1,2) flux when pulled 
back to non-primitive flux on D7-branes. Their magnitude is highly suppressed in 
a large volume compactification. It would be most desireable to find a consistent 
compactification for our setup, in which we do not have to introduce a cut-off by 
hand that spoils holomorphicity. Let us stress again that these (1,2) fluxes did not 
lead to the creation of a bulk cosmo logical constant, because they are ISD. We would 
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expect, however, a modification of the superpotential, i.e. in general D-terms on 
D7-branes also create F-terms [5TJ E2J 

We have so far neglected any zero modes. Once we study D3/D7 inflation, there 
will also be degrees of freedom that become light when the two branes approach 
each other. The D and F-terms in this case have to be re-evaluated. As already 
outlined in the beginning of this section, we believe that the conditions to have non- 
zero D-terms in the vacuum (i.e. intersection over a two-cycle with non-trivial flux 
or a cohomology H 2 {Y>) of the 4-cycle that is greater than the pullback of the CY 
cohomology H 2 (CY)) can be met when /i ^ 0. For /x = it appears rather the 
opposite: There is only one non-trivial 2-cycle in the resolved conifold, the blown- 
up (02? #2)~sphere. With /i = 0, the cycle Ei is topologically trivial (it contains 
the shrinking 2-sphere), the cycle S 2 is not. However, once we compactify we will 
introduce another cycle on which the (0,1) form is supported. This should be in (p, ip) 



direction, as G^ 1 ' 2 ' ~ J A Ei, and E\ extends along p and ip. However, from (3.44) 
we see that this 2-cycle does not support any flux. 

We believe this puzzle might be clarified once the original Ouyang embedding 
in the singular conifold background is made supersymmetric with appropriate gauge 
fluxes. Note however, that there is an essential difference between the singular KT and 
the resolved PT backgrounds: the B-field in the bulk is primitive, i.e. J A J A B = 0, 
for the first case but not for the latter. 

The next step would be to consider the embedding p ^ 0. The integrals becomes 
much more complicated and cannot be solved analytically. Only for the case a = 
have we been able to show by numerical integration that D = 0. For a ^ the 
integrand's strong oscillatory behaviour has prevented us from finding a solution so 
far. Note that the pullback of J and B is much more involved. We have to use the 
embedding equations 

_v 

02 



(p e + 9a 2 p 4 ) = I , ^ 1 flo I , V = 0i + 02 + const . (3.49) 



sin y sin ^ 
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It is then tedious but straightforward to calculate the pullback 

Jap = d a y m d p y n J mn} (3.50) 

where m,n — p, ip, 9i, 62, <fii, (p2 run over the whole 3-fold, whereas a, (3 = 1 ,9 2 ,(fii,(t>2 
parameterise the 4-cycle. A similar formula gives the pullback of the NS field B. Note, 
however, that the pullback will contain terms with (sin^) -1 , which diverge at the 
integration boundaries 0^ = 0. For the case a = this seems to be under control, for 
the resolved case we cannot make any definite statement. 

3.2 A view from F— theory 

Now that we have more or less the complete type IIB picture, we should deviate 
to address the F-theory [61] lift of our background. Studying F-theory lift has many 
advantages: 

• It can give us a precise way to study the compact version of our background. Recall 
that the background that we constructed is non-compact. The compact form of our 
background can be formulated if we can find a compact four-fold associated with the 
resolved conifold background. 

• It is directly related to M-theory by a S 1 reduction [61]. In M-theory the structure 
of the four-fold remains the same, but there are a few advantages. We can determine 
the precise warped form of the metric [H21E3], the precise superpotential [42 j and the 
complete perturbative [64J and non-perturbative terms on the IIB seven branes. 

3.2.1 Construction of the fourfold 

With the above advantages in mind, we aim to determine the fourfold in F-theory 
and study the subsequent properties associated with the fourfold in M-theory. The 
generic structure of the fourfold can be of the following form: 

ds 2 = e 2A 7]^dx"dx v + e 2B g mn dy m dy n + e 2C \dz\ 2 (3.51) 
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where A, B, C are the warp factors that could be in general functions of time as well 
as the internal coordinates (y m , z) and (//, v) = (0, 1, 2). The fourfold is a T 2 fibration 
over a base. We denote the complex coordinate of the T 2 by z and the base has a 
metric g mn . The corresponding type IIB metric is expected to be of the form (see 
also |65j): 

— 3C 

ds 2 = e 2A+c {-dxl + dx\ + dx 2 2 ) + 6 — dx\ + e 2B+c g mn dy m dy n (3.52) 

which tells us that in principle the 3 + 1 dimensional Lorentz could be broken by 
choosing a generic warp factor of the fibre torus in M-theory. The fibre torus, in 
M-theory, is parametrised by a complex structure r which is proportional to the 
axio-dilaton in type IIB: 

dz = dx n + rdx 3 , r = C + — (3.53) 

9s 

Clearly if the torus was non-trivially fibred over the threefold base (with metric g mn ) 
we would expect non-zero cross terms in the type IIB metric. For our case we simply 
choose a trivial T 2 fibration of the fourfold, so the cross-terms are absent. For a 
compact manifold we would require the axion charge to vanish. This would mean 
that the contribution to Cq from a single D7 brane is very small. This would change 
our metric to 

— 3C 

ds 2 = e 2A+c {-dx 2 Q + dx l + dx l) + ft m T y dx 2 3 + e2B+ ° 9mndy m dy n (3.54) 

Furthermore, restoring full 3 + 1 dimensional Lorentz invariance will tell us that the 
type IIB metric has the following form: 

e 3A/2 e 2B-A/2 

ds 2 = rj^dx^dx^ + g mn dy m dy n (3.55) 

Vim r v Im t 



Comparing the above form of the metric with the metric that we have (2.29), it is 



easy to work out the corresponding M-theory warp factors in terms of h and the 
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axio-dilaton r as: 

Im r 



h(lm rf 



Vh 



(Im r) 



(3.56) 



Now combining (3.56) with (3.51) we can easily see that the fourfold is a given by 



the following metric: 

h l/3 



ds 2 



dx 11 + t dx 3 \ 2 + h 1/3 (lm t) 



4- fold 



(Im r) 4 /3 

K 



2/3 



dp 2 i p' 

L K 6 

2 i «„2 



+ '— (d6 2 l +siYi 2 6 1 d<p 2 ) + 



+ J p 2 (dip + cos 0! d<j>x + cos # 2 # 2 ) 2 + P M + sin 2 9 2 d(j) 2 2 ) (3.57) 

9 6 J 

where the other variables have already been defined above. The type IIB NS and 
RR three-form fluxes would converge to give us G-fluxes G mnpq on the fourfold. The 
equations of motion of G-fluxes are determined from the gravitational quantum cor- 
rections in M-theory as well as M2 brane sources. To analyse this on the fourfold 



background (3.57) becomes too cumbersome, so let us simply illustrate the case of a 



metric (3.51) with a warp factor of the fibre torus e 2B i.e C = B. In this case the 



G-fluxes satisfy the following two equations: 



(1) D q 

(2) □ e 



(*G) mnpq ) 



2k 2 To 



.mnpai....as 



6B 



( r \mnpq _ 2fc 2 T 2 ^8 



+ ... 



(3.58) 



where k 2 T 2 are constants appearing in the M-theory Lagrangian, and we have made 
all fields and the Hodge star operations w.r.t. the unwarped metric, except for the X$ 
term. The X§ term in the above two equations is the eight form expressed entirely in 
terms of the curvature tensor of the warped metric. This is the quantum correction 
that we can put to zero when the background is non-compact. A simple observation 



of (3.58) will tell us that for a compact manifold, a vanishing X$ term will lead to 
contradiction. 



We have also left some dotted terms in the second equation of (3.58). These 
unwritten terms account for sources, like M2 branes, in the theory. These M2 branes 
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are precisely the D3 branes that we will need to eventually put in to study inflation 
in our model. 

Observe now that when we make X$ negligibly small (or in other words, when 



we ignore quantum corrections), the equations of motion of the G-fluxes (3.58), tell 
us that the covariant derivatives of G-fluxes have to vanish. This condition can be 
satisfied by two different varieties of G-flux: 

Gr m npq (*G) mrt pq, Or G mn pq (*G) mn pq 6 'fmripq (3.59) 

where 'y mn pq is a covariantly constant tensor. The first condition means that the ef- 
fluxes have to be self-dual. If it is also primitive then this is the condition to preserve 
susy [62Q The second condition concerns us here. Generically, this implies that the 
G-fluxes are not primitive and therefore susy is spontaneously broken in our model. 
However, if we can rewrite •y mnpq as 

lmnvq ee e^ nm ~ e3a [*7 (1) ] mnM ( 3 ' 6 °) 

with e 3a being a function that we will specify below, then self-duality is restored in 
the presence of a new G-flux that is of the form 

G =G - p- 3 ^-")^ 1 ) C\ fill 

Vmnpq — ^mnpq e Imnpq \o.Vi.) 

although this may not be primitive. Indeed, if we demand 7 <1 - ) to be of the form 

7 « = JAJ (3.62) 

with J being the fundamental 2-form in M/F-theory and ^^ A ^ a ) is a closed zero 
form then susy can be broken with a non-primitive self-dual (2, 2) form [6fiJ^| A 



3 Recall that primitivity implies self-duality but not vice-versa on a 4-fold, in con- 
trast to primitivity and imaginary self-duality on a 3-fold. 

4 A non-self-dual flux of the form G mnpq = (7 — *7) mn „„ can also break susy 



and satisfy the second condition in (3.59). However, such a choice of flux does not 
satisfy the equation of motion. 
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similar condition can be derived on the fourfold with three warp factors, as in (3.51) 



and (3.57). With three warp factors the analysis remains the same. One can easily 
verify this from the G-fluxes constructed out of type IIB three-forms. In the following 
we will try to justify the existence of this (2, 2) non-primitive form. 

3.2.2 Normalisable harmonic forms and seven branes 

So far, our study in M-theory has followed in parallel to that in type IIB. To see 
some novelty from the M-theory picture, let us look for the remnants of the seven 
branes in M-theory. Since M-theory does not support any branes other than two and 
five-branes, the information of type IIB seven branes can only come from the gravity 
solution. In type IIB theory, recall that the seven branes were embedded via the 
Ouyang embedding [T7]. This means the embedding equation is: 



(p 6 + 9aV) 1/4 exp 



i{ip - 0i - 2 ) 



d\ @2 9 

sin — sin — = /i (3.63) 



2 

In the limit fi — > the seven branes should be embedded via the two branches: 

Branch 1 : 9 X = 0, <j> x = 

Branch 2 : 2 = , 2 = (3.64) 

and both run along the radial direction^ The full geometrical analysis of the embed- 
ding is difficult, but we can see that for branch 1 the seven branes wrap a four-cycle 
along directions (#2,02) and (ijj,p) inside the resolved conifold background and are 
stretched along the spacetime directions x 0,1,2 ' 3 . One can easily see that the axionic 
charges of the seven branes could all globally cancel by allowing a trivial F-theory 
monodromy so that there is no contradiction with Gauss' law. Subtleties come when 
we want to study compact manifolds in the presence of seven-branes and non-primitive 
fluxes. In the absence of non-primitive fluxes one can compactify the manifold with 



b It is easy to see why. A generic configuration of seven branes would be able to 
lower their actions by going to smaller p. Therefore, they cannot be fixed at a specific 
P = Po- 
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a sufficient number of seven branes and orientifold planes. The more subtle situation 
with non-primitive fluxes will be discussed later. 

For the present case let us look at the metric along directions orthogonal to the 



type IIB seven branes. The M-theory metric given above (3.57) will immediately tell 
us the orthogonal space to be: 



ds 2 



h 1 ' 3 



(Im r) 4 / 3 

(Im r) 4 /3 
+ 



Idx 11 + rdx 3 \ 2 + h 1/3 (lmr) 



2/3 



Pi 

L6 



(dx 11 + Re r dx 3 ) 2 + h 1/3 (\m r) 



2/3 



de\ 



p 



PL 

6 



sin 2 ^ 



dOl + — sin 2 0i d<£i.65) 
.6 6 J 



(Im r) 2 (dx 



3^2 



(Im r) 4 / 3 

where Re r and Im r are related to the axion and dilaton respectively in the following 

way: 

N 



Re t = C : 
Im r ee e~* 



-(i(> - <pi - fa) 

1 iV 
5f s 27T 



log 



(p e + 9a 2 p 4 ) 4 sin — ^ sin 



0i 



(3.66) 



and is the number of the seven branes, as discussed in [T7]. The above choice of 
axion-dilaton is not the full story. For the time being, however, we will continue using 
this result because the corrections to axion-dilaton are subleading. Some aspects of 
these corrections have been discussed in [13] using results of [67J. 

To study the geometry further, let us analyse the background close to the point 
(0i = 0, 0i = 0). The resulting metric in the local neighbourhood of the point ((fix, 9{) 
has the following form: 

h 1 ' 3 



ds 2 = h^ 3 (Im t) 



2/3 



^0 2 +^sin 2 0i # 2 +(rfx 3 ) 2 
6 6 



+ 



(Im r) 4 / 3 



dx 11 +^(ip-(f) 1 -(f)2)dx 3 
(3.67) 



which can be compared to a Taub-NUT metric: 



^4aub-NUT = V(f) (dx 11 + A 3 dx 3 ) + V(rY l df 2 + r 2 de 2 + f 2 sin 2 e(dx 3 ) 2 (3.68) 
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with V(f) being the typical harmonic function. We see that (3.67) does have a strong 



resemblance to (3.68 ), with the A 3 charge of the Taub-NUT being given by the axionic 



charge of N type IIB seven-branes, as expected. However, the local metric is more 
complicated than the standard TN space because of the non-trivial back-reaction of 
the G-flux. In particular, the warp factors and some of the coordinates appearing in 



(3.67) are not quite of the form in (3.68). Nevertheless, (3.67) does capture some of 



the key features of a Taub-NUT space, namely, the U(l) fibration structure and the 



gauge charge. In (3.68) the gauge charge has a proportionality A 3 oc cos 8. Such a 



choice of Taub-NUT charge helps us to determine an anti-self-dual harmonic form in 



this space [68l [69l EI]. Comparing this to (3.67), we see that the charge is given by 
Co = if - (ip ~ 0i — 02)- A small change in this charge can be related to a small change 
in 0i, keeping other variables constant (recall that we are measuring the charge away 
from the D7 brane). 

We now define the vielbeins in the following way: 



e y = 



h 1/6 ( N 
— ^j-Jdx +-(^- ( j> 1 - ( f> 2 )dx 3 



e 3 = /i 1/6 (Im r) 1/3 dx 3 



h l/6(l m r )l/3 p 



d9 u 



r ^^(I m x)VVsm Sl#i 



v/6 " V6 
Using these vielbeins we are now ready to construct our harmonic forms. These 
harmonic forms have to be self-dual (or anti self-dual) as well as normalisable. Let 
us make the following ansatze for the one-form: 



u = l(0i) ldx n + ^(ij-<f )1 -<j) 2 )dx 3 

Z7T 



(3.70) 



The harmonic two-form will then be given by du and is therefore exact as well as 
harmonic. To require this to be anti self-dual, we want *du = —du in this space with 



the Hodge star being given by the warped metric (|3.67|). This gives us: 

N 



1(8,) 



exp 



2vr 



sin 8i Im r 



(3.71) 
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This implies that the one-form is: 



to = exp 



Oi 



dBi 



dx u + ^-ty-fa -(j) 2 )dx 3 I, (3.72) 

Z7T 



sin #1 (log sin y + •••) 

which clearly means that an anti self-dual two-form is normalisable, whereas a self- 
dual two-form in not. Existence of such normalisable forms guarantees many things: 
firstly it confirms the existence of seven branes in this background. Once the harmonic 
forms are defined over a compact two-sphere then the resulting background can be 
compactified so that an effective four-dimensional theory could be defined. In the pres- 
ence of a non-compact background, the harmonic forms are very useful to determine 
the world volume theory on the seven branes [TO] EH [M] • Secondly, existence of har- 
monic forms guarantees the non- commutative deformations on the seven-branes [53] . 
Recall that the world- volume theory on the type IIB seven-branes is non-commutative 
because of the presence of non-primitive fluxes. This is perfectly consistent with the 
original D3/D7 inflationary model [72] that was also non-commutative due to the 
presence of a non-primitive background. The key difference between our present 
background and the original D3/D7 system is that (apart from being the fact that 
the original D3/D7 system was defined on K3 x T 2 jZ-i) in the original D3/D7 system 
the non-primitivity was treated as a tunable parameter (although it might violate 
the equations of motion) and could be switched off to regain supersymmetry. In our 
present scenario we see no way to switch off the non-primitivity. In other words, our 
present background is inherently non-supersymmetric. 

At this point we wish to make several comments: Firstly, the above analysis 
is only for one of the embedding branches. It is not difficult to see that a similar 
analysis could be performed for the other branch. The total normalisable anti-selfdual 
harmonic form is presumably a linear combination of these two forms. Secondly, — 
and this is important — the above analysis relies heavily on the particular embedding 



that we took, namely the embedding (3.63). This embedding is the trivial embedding 



that should be modified when \i ^ in (3.63). An immediate modification of the 
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embedding equation (3.64), which was for \i = 0, will be the following set of equations: 



(p 6 + 9aV) 1/4 sin^sin| = |/i| 2 , ^ - fa - fa = 9 (3.73) 

where 6 = —i log A — Inis is a phase factor fixed by the orientation of the seven 
branes in the angular directions. As soon as fi ^ 0, the embedding equations are no 



longer the simplified equation (3.64), but rather the surface (3.73). Thus we see in a 
resolved conifold that the seven branes wrap along a nontrivial curved four-cycle in 
the internal spacef~[ 

For this case one can also work out the normalisable harmonic form. The analysis 
is more complicated but can be worked out as before. We will not attempt this 
here, but end this part of the discussion by noting that these normalisable harmonic 
forms would give rise to second cohomologies (i.e the second Betti numbers) once we 
compactify the non-compact resolved conifold background. 

3.2.3 One forms and M-theory uplift of fluxes 

At this point we should come back to the issue that we briefly alluded to earlier: 
compactifying our manifold in type IIB theory. From the F/M-theory point of view, 
this is equivalent to finding a consistent compact base. This problem has already 
been solved earlier in [7JJJ El] arid [75"l I75"t [77] . The compact base — which we call B 
henceforth — should have at least one smooth curve P 1 with normal bundle 0{— 1) © 
O(-l). The Weierstrass model for the fourfold can be obtained as a Calabi-Yau 
hypersurface with the equation: 

V 2 = 4:x 3 -g 2 x-g 3 (3.74) 

where y is the coordinate on the bundle Ob(3K b ), x is the coordinate on the bundle 
Ob(2Kb) and gu is a section of Ob{— IkKs) for k = 2, 3. 

6 This is clearly a four-cycle because there are six unknowns and two equations in 
(|3~73l. 
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The elliptic fibre is generically smooth, but is a cuspidal cubic over points where 
y 2 = Ax 3 and nodal cubic over points where g\ = 27g 2 with not zero. These 
latter are, of course, the points where the discriminant of the Weierstrass equation 
vanishes. The zero locus of the discriminant is a complex surface S containing the 
curve D defined by y 2 = Ax 3 . Once we know S and D, the Euler characteristics of 
the fourfold can be completely written in terms of the Euler characteristics of these 
submanifolds, i.e 

X = X(S) + X(D) = 19728 = 24 x 822 (3.75) 

which would tell us that the total number of branes and fluxes should add up to 822 
for this manifolcfH 

Observe, however, that the fourfold that we choose with a Kahler base is not the 
most generic answer. In general, the base could be a non-Kahler manifold. What we 
need from our present analysis is the existence of one-forms in our manifold which 
could be used to express the (1,2) fluxes in the type IIB set-up. Presently, in the type 
IIB set-up, we can think of the following three choices of one-forms in our manifold: 

The first of the three one forms can be written in terms of the holomorphic coor- 



dinates (z,y,u } v) given in (2.18), in the following way [78] : 



ui = r~ 2 (N 1/3 + 4a 4 iV~ 1/3 - 2a 2 ) Im (zdz + ydy + udu + vdv) (3.76) 



where N = N(r) = | (r 4 — 16a 6 + \/r 8 — 32a 6 r 4 ) . See (2.22) for the relation between 
r and our radial coordinate p. The above one form contributes an exact part to the 
Kahler form on the resolved conifold. This one form is invariant under the underlying 
SO (A, E). 

Another one form can be constructed using the homogeneous coordinates ( + = |^ 
and = g that respectively define the two patches H + where ^ ^ and ff_ where 



Incidentally, if we make a conifold transition to the base to go to a fourfold that 
is a T 2 fibration over a deformed conifold base, the Euler number remains unchanged. 
See [7H H7J for more details. 
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( 2 ^ on the S 2 of the resolved conifold. (See section 2.4 for more details on the 
geometry.) 



We construct one forms on the two patches H± in the following way: 



1m 



2 — 1 + |C±| 2 



(3.77) 



One can also show that these forms are also invariant under SO (4) just like u\ above. 
Finally, the third category of one forms in our background are of the form: 



3 = 9i(p)E» w s = hj{p) E j 



(3.78) 



with no sum over i,j (although one can combine these one forms to write another 



one form). The Ei are the complex vielbeins described in section 2.4 These one 



forms can only exist on the compactified base if they have a compact support. In the 
following we will discuss the asymptotic behaviours of u 3 and 0)3. 

To study the asymptotic behaviour it is important to divide our type IIB fluxes 
into (2,1) and (1,2) parts. Let us also scale the radial coordinate p as p — > Xp so 
that large A means that we are exploring UV geometries. In this limit clearly 



Ej — y XEj 



(3.79) 



where the ISD forms 77$ were defined in (3.15). The (2, 1) part of G3 is the: 

9P(p 2 + 3a 2 ) 



G 



(2,1) 



<*1(P) - 



P 3 vV + 6a2 vV + 9fl2 



771 + e-^ /2 a 3 (p, 9 X ) V 3 + e-^ /2 a 4 (p, 9 2 ) r, A 

(3.80) 



with the functional forms of a x ,a^ and a A derived in Appendix |A| see (3.17). For 
large p or large A, the behaviour of G 3 is of the form: 



G 3 — y constant + log A 



(3.81) 



8 Recall that we are using hatted quantities to indicate the background flux with 
backreaction from the embedded seven branes. 
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and therefore G 3 ' diverges logarithmically. This divergence is not problematic be- 
cause eventually we are compactifying our manifold to a non-CY threefold. One 
should also observe that the (2, 1) part of the fluxes in the original PT solution [3~i] 
asymptotically goes to a constant. 

On the other hand, the asymptotic behaviour of the (1,2) part of the fluxes is 
more interesting. The explicit form of the (1,2) part is given by: 

27Pa 2 



G 



(1,2) 



P 3 \/P 2 + 6a 2 vV + 9a 2 



V8 



(3.82) 



with a§ given in (3.17). Asymptotically G 3 ' now behaves in the following way: 



G 



(1,2) 



A 2 



(3.83) 



and therefore goes to zero very fast. In fact the (1, 2) part of the fluxes in [34J also 
has the same behaviour asymptotically. 

- (1 2) 

Such an asymptotic behaviour of G 3 is good for us. This means that, since the 
fluxes vanish at the boundary, they should naturally exist once we compactify the 
resolved conifold to a compact threefold. Furthermore we see that the (1,2) part of 
the three form flux can be expressed alternatively as: 



Gf' 2 ) = JAm 



(3.84) 



with m being a (0, 1) form as one would have indeed expected. From our above 
consideration the (0, 1) form and J are given in terms of the three one-forms in the 
following way: 

27Pa 2 



m = h\(p)E\ 



a 8 - 



p 3 Jp 2 + 6a VP 2 + 9a 2 



Ex, 



J = duji + Aa 2 duj± 
(3.85) 
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on the two patches H±. The latter definition of J is identical to the definition of 
J in terms of the complex vielbeins given in (2.27j^ It is also clear that the 



(2, 1) form cannot be expressed as (3.84) using a one form because the (2, 1) form is 
primitive. Observe, however, that the existence of a normalisable (0, 1) form doesn't 
always imply the existence of a non-trivial one-cycle in the manifolc j 10 | 

Once we have the explicit (1, 2) forms, we still must see how this is uplifted in the 
M-theory picture. This is where things become somewhat subtle. The generic uplift 
of type IIB three-forms was given in [6"31 13U] in the following form: 

G 4 = — — + — — — = F 3 Adx 3 + H 3 Adx 11 (3.86) 

T — T T — T 

where we have used the usual definitions of G3 and dz, namely: G3 = F3 — tH 3 and 
dz = dx 11 + rdx 3 (although dr ^ 0). Thus F3 = F3 — C0H3 and F3 = dC<i to comply 



with the notation used in section 3.1| With these definitions, the T-duality from IIB 



to M-theory works in an expected way. 



However, because of the presence of dz and dz in (3.86), the uplift of a (2, 1) form 
is indeed a (2,2) form, but the naive uplift of a (1,2) form becomes a (1, 3) or a 
(3, 1) form, none of which are suitable for our case because these forms are ASD in 
M-theory. In the literature such subtlety was never observed because the ISD fluxes 
were never taken to have (1, 2) components. For our case, as we saw above, such 
forms are allowed because of their localised and normalisable nature. 

Indeed, such localisation of fluxes will eventually help us to show that the (1, 2) 
forms would also lift to F-theory as (2, 2) forms. To see this, observe that F-theory 
allows the following two important topological couplings: 

A = f C4AG4AG4, £2 = [ G4AG 4 AG 4) (3.87) 



y Note that the volume form is unique despite the existence of multiple one-forms. 
The volume form is given by: V = du A dy A d( + = dv A dz A 

10 Although, in the language of the fourfold the threefold base does have a non- 
vanishing first Chern class. 
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where C4 is the self-dual four-form in type IIB theory and Aiu is the twelve dimen- 
sional space (see [70] and references therein for more details on these couplings). 

The coupling Ci is well known. This leads to the standard Chern-Simmons term 
on D7 branes when we decompose the four- form as G4 = F A du, where dto is the 
normalisable two-form derived earlier and F is the gauge flux on a D7 brane. The 
second coupling, £2, concerns us here. In type IIB there are no fundamental massless 
four-forms other than C4 discussed above. How do we interpret G4? The coupling 
that we are concerned with here is 

G 4 AFAF, (3.88) 

Ma 

where is an eight dimensional surface. The only eight dimensional surface that 
we have in type IIB is the surface of the D7 brane. Therefore, we should expect the 



coupling (3.88) to show up on the surface of the D7 brane as some kind of compact 
four-form coupling to it. 

Existence of such compact four-forms can arise from the Chern-Simons terms on 
the D7 branes. One can easily see that there is a coupling of the form: 

/ F 3 AAAFAF = (f 3 -Co H 3 ) AAAFAF (3.89) 

J Ms J Ms, ^ ' 

when we choose the orientation of the D7 branes such that the arbitrary phase factor 



9 in (3.73) is a constant and our gauge invariant field on any D7 brane is T = B — F 
where B is the pullback of the NS 2-fornQ 

The above form of the coupling ( 3.89[ ) is of the type (3.88) provided the one-form 



A also becomes localised. Observe that both the three-forms appearing in (3.89) are 
the localised (1,2) forms. Let us then assume that the one-form is A = li(8i)dx 3 , 
where h(6\) is some localised function that we will specify soon. We have also made 
a gauge choice to orient A along x 3 direction. With this we see that one choice of 



"TT 



We take 2ira' = 1 henceforth. 
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localised four-form flux is: 



G 



(i) 



li(^i)F 3 A^ 3 = Zi(#i) (#3 Adx 3 -C H 3 Adx 



(3.90) 



There is another choice of localised four-form flux that we can have in addition to 



(3.90). This choice can be motivated from the Born-Infeld terms of the D7 branes, 



and is given by: 



Gf = H 3 Au 



(3-91) 



where cu is the one-form derived in (3.72). Once we compactify the internal space, 



the total axionic charge has to vanish. In that case both G± and G^ simplify. In 
the presence of axion field, the total localised four-form flux is given by: 



G A = G { l ] + Gf = HsAu + hieC 



-F 3 A dx 3 + C H 3 A dx 3 



(3.92) 



which can be put in a very suggestive form if we define h(6i) = l{0\) with l(6\) being 



the function of 9\ given in (3.71) and (3.72): 



G A = 1{6 X ) lH 3 Adx u -F 3 Adx 3 + 2C H 3 Adx' 



, , „ . Go ' ^ A dz , , 

■l(0i) — — + cc (3.93) 



r — r 



with dz = dx 11 + rdx 3 and G^' 2 ^ being the (1, 2) form. The above four-form is clearly 
a (2, 2) form as one would have expected from the earlier discussions [66j EHJ 180] . 
Notice however that the four-form flux is not closed. 

It is also interesting to note that since G 3 is of the form J Am (see (3.84)), the 
localised (2, 2) form in M-theory becomes: 



G 4 = - Re (ie^ 1{0 X ) J Am Adz 



(3.94) 



At this point we may want to connect the four- form with the results given in [661 155] . 
The four-form should be related to J A J in M-theory where J is the fundamental 
(1, 1) form for the fourfold. Defining J = J + dz A dz, we have 



J A J = J A J + 2 J Adz Adz. 



(3.95) 
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It is easy to follow these fluxes to see how they appear in type IIB side. The second 



component in (3.95) i.e J Adz Adz becomes a three-form field strength in T-dual type 
IIA theory: 

(r - r) J A dx 3 (3.96) 
whose origin will be discussed in the next section. Similarly, the first component in 



(3.95) (J A J) becomes a five-form in type IIB side which has one component along 



x 3 direction and other components inside the threefold. This takes the form: 



9 



sin 6i dp A e^p A d<pi A dQ\ A dx 3 + 



p(p 2 + 6a 2 
9 



p 2(p2 _L_ Q a 2\ 

+ 1Q sin 6>i sin 2 dfa A 6B\ A dtj> 2 A d6 2 A dx 3 

18 



sin # 2 dp A A d<p 2 A d9 2 A dx 3 

(3.97) 



This five-form (or the equivalent four-form) is strongly reminiscent of the four-form 
that we called G± in ( |3.90 ), which does have one component along x 3 direction. 
Indeed, the five-form j 12 [ 



^- d6i AF 3 Adx 3 + - ( dG 3 + dG 3 ) A <lv 7 ' 
dO\ 2 



(3.98) 



that we get from our background flux does match with (3.97), but (3.98) has more 



terms than (3.97). This difference appears because, once we compactify our manifold, 



the fundamental form J would change which, would change the five-form (3.97). 



The connection we have established here gives a stronger justification for why the 
cosmological constant should vanish in the bulk. It may be interesting to see if the 
arguments of [ED] could be applied to our scenario also. 



3.3 Applications 

3.3.1 Compactification and non-Kahlerity 

There remain issues that were given only partial attention in our earlier sections. 
The first such issue is the nature of a possible compactification of our background, 



12 This is clearly non-vanishing because the underlying four-form is not closed as 
we saw above. 
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which will certainly not be a Calabi-Yau, nor even Kahler. In the F-theory section 
we discussed that the six-dimensional base cannot be a Calabi-Yau manifold as it has 
a non-vanishing first Chern class. By reducing to IIA we can argue that the T-dual 
IIB background will indeed be non-Kahler. This construction follows the ones laid 
out in 



The three form flux (3.96) that we get in type IIA will dissolve in the metric once 
we T-dualise to type IIB theory, making the background non-Kahler | 13 | Once the 
background is non-Kahler there would be extra sources of fluxes in addition to the 



fluxes that we mentioned in (3.92), namely "geometric flux". One can replace the 
type IIB three form NS flux by 

H 3 = H 3 + id(e-*J). (3.99) 

This complexification of the three form flux is not new and has been observed earlier 
in heterotic compactifications E21 EH El], which in turn gave rise to a new su- 
perpotential in the heterotic theory [861 EZ] • An interesting observation here is that 
the type IIB background itself becomes non-Kahler now as compared to the heterotic 
background where the type IIB background was conformally Kahler. 

We also remarked on possible generalisations of the IIB superpotential in section 



3.1.1[ It seems clear that the GVW superpotential will get corrected if the moduli 
space is enlarged by non-trivial one-forms. For the case of a background that is 
mirror to a Calabi-Yau with NS flux (so it acquires a non-trivial T 3 fibration when 
the mirror symmetry is interpreted as three T-dualities — the NS B-field becomes 
part of the metric in the mirror manifold |81j), a superpotential has been proposed 
[53] . Whether or not this is suggestive for our case requires further study. Thus far, we 
have no reason to believe that our IIB manifold (globally) admits an SU(3) structure. 
The space of generalised Calabi-Yau manifolds is much larger, though some work on 
superpotentials in this case appeared in [SHI EH1 EDI E] ■ If we could infer that our IIB 



In M-theory once dj ^ the four-form flux J t\J is not closed. This is of course 



consistent with our choice of four-form flux (3.92). 
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background admits an SU(3) structure, then it would be guaranteed to be complex 
[52| I9"3"l IM] if it preserved supersymmetry. However, in the presence of susy-breaking 
flux we cannot infer the structure of the manifold. A complex manifold would have 
the advantage to give us control over the complex structure deformations. 

3.3.2 Inflationary dynamics 

The major motivation for constructing the background in this paper was to study 
a model of inflation that may give slow roll dynamics with less fine tunings than the 
usual D3 — D3 scenarios [Till IT5] . Let us therefore sketch a possible model of inflation 
using the resolved conifold background with D7 branes and additional D3 branes. 

Recall that D3/D7 inflation has primarily been studied in toroidal manifolds (see 
[721 [95] an d citations therein) of the form T n /T of which K3 x T 2 /Z2 is a special case. 
The F-term and D-term potentials appearing from the gaugino condensate and susy 
breaking fluxes, respectively, conspired to give a consistent resolution of the anomalies 
associated with the FI terms. 

We outline a possible scenario to achieve slow roll inflation when we combine 
the ideas of D3 - D3 in the "warped throat" (KKLMMT [ID]) with D3/D7 models 
[721 195]) | 14 [ We want to balance a D3 that is attracted towards the D7 (because of 
the non-primitive flux on the D7 worldvolume) with another force that drives the 
D3 toward the tip. This can be achieved by placing an anti-D3 there or by using a 
background in which the addition of a D3 explicitly breaks supersymmetry, such as 
the resolved warped deformed conifold [67]. The motion of D3-branes towards the 
tip in the latter background is a consequence of the running dilaton. However, this 
potential alone is still too steep for slow-roll inflation. 

Combining both forces, however, we might hope to slow down the motion of the D3 
in either the one or the other direction. There are two possible scenarios, depending 
on which force dominates: 

14 Similar idea has been proposed independently by Cliff Burgess. 
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• The D-term potential created by the non-primitive flux dominates and attracts 
the D3-brane towards the wrapped D7 brane. Inflation ends when the D3 
dissolves into the D7 as non-commutative instantons and supersymmetry is 
restored. 

• The attraction towards the anti-D3 brane at the bottom of the throat (or 
possibly a running dilaton in a more general background) dominates. Inflation 
ends as all or some D3 branes getting annihilated by the anti-D3 brane(s) at 
the tip of the throat. 

Naively one might hope that the motion would be slow because the D3 branes are 
pulled in both directions. However, it may also turn out that the initial position of 
the D3 has to be heavily fine-tuned in this setup. 

The F-term potential associated with the motion of the D3-branes towards the 
tip of the throat has recently been computed with the inclusion of holomorphically 
embedded D7-branes [151 EH H5] using the analysis of [12] . If we want to combine 
the D-term and F-term potentials we are faced with an issue pointed out by [49J: for 
a supersymmetric background it is impossible to have a D-term potential that could 
be used to pull the D3 brane towards the D7 branes. Thus if we want to switch on 
non-primitive fluxes on the wrapped D7 branes we have to embed the D7 branes in 
a non-supersymmetric background. Our problem becomes threefold: 

• Construct a supergravity background with embedded D7 branes that breaks 
supersymmetry spontaneously. 

• Allow for a possible D-term uplifting by avoiding the no-go theorem of 

as pointed out by |48j. Note that the D7 worldvolume theory will not only 
contribute the D but also possible F-terms, such that the issue of [H] might be 
resolved. 

• Balance the D3 brane using the two forces: one from the D-term potential and 
the other from the attractive force at the tip of the deformed conifold in the 
KKLMMT setup. 
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In this paper we have addressed the first two problems by constructing a non- 
super symmetric background with D-terms on the D7 branes given by the pullback of 
a non-primitive flux. To analyse the last problem, we might have to go to a more 
generic background with both the two and the three cycles non vanishing. Most of 
the literature deals with the limit where the manifold looks like a singular conifold. 
This isn't the most generic situation so we have to go away from the usual conifold 
background. However, taking a resolved warped deformed conifold creates non-trivial 
dilaton profile from two sources now: 

• From the D7 branes, and 

• From the unequal sizes of the two-cycles. 

The running of dilaton from the first case can already be seen at a supersymmetric 
level in the Ouyang background [T7] , which was originally analysed for a non-compact 
singular conifold background. Once we blow up resolution cycles of the conifold and 
switch on fluxes, the second case mentioned above kicks in, and we must discuss the 
combined effects to get the full background geometry. This makes the problem much 
harder to solve. 

The warped resolved conifold however may still be a good model of inflation with 
D-term uplifting. We would have to extend our analysis beyond the case \x = (in 
this case the D7 extend all the way down the throat, which would not allow us to place 
a D3 between the D7 and the tip) and to other embeddings, such as the Kuperstein 
embedding [14J. Our preliminary analysis indicates that the value of the D-terms 
should depend on the choice of embedding. 

3.3.3 Supersymmetry restoration 

When the D3-brane falls into the D7-branes at the end of inflation we expect 
supersymmetry to be restored. Such a susy restoration was first described in [72] . 
For our case, the situation is more involved. From the F-theory point of view, the 
total G-flux at the end of the inflation can be succinctly presented as: 

Gtotai = Gg' 2) + C1 JAJ + c 2 FAdco + c 3 H 3 Au, (3.100) 
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where c, are some defined functions of the coordinates (6*1,01) or (^2,^2) depending 
on which branch (3.64) we are on, G p ' is the primitive part of the G-flux that come 



from the uplift of the type IIB (2, 1) forms, and F is the gauge flux induced by 



dissolving the D3 brane inside the D7 branes. The 1-form oj was defined in (3.72). 
The last term coming from the H3 coupling is non-primitive, and because of that in 
the absence of F flux, the G flux was (2, 2) but non-primitive. Observe that in the 
presence of F flux we can in fact demand: 

jAG total = (3.101) 

and therefore restore supersymmetry with (2,2) fluxes. 

The F flux used to restore supersymmetry in the above paragraph could be inter- 
preted in two ways: switching on second Chern class or switching on first Chern class. 
The former, which leads to instantons, is the end point of the D3 brane dissolving on 
the D7 branes. 

The latter, however, gives rise to a bound state of a D5 brane with the D7 branes. 
Such a technique of restoring supersymmetry has already been discussed in [96| 197] 
and could probably be used to restore supersymmetry in the limit where the reso- 
lution parameter a goes to zero. This would then be one simple way of restoring 
supersymmetry in the original Ouyang construction [T7] . 
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Chapter 4 



Towards Thermal Flux 
Compactification with Flavor 

As we mentioned in the introduction and chapter [2j flux compactification solutions 
of the type presented in chapter [3] also are of particular interest towards understanding 
the relations between gauge and gravity theories through holography. In the rest of 
this manuscript, we will use these results and extend them towards even more realistic 
gravity duals of the Standard Model. But first, in this chapter, we will review previous 
work in this direction. 

4.1 Introducing Temperature on the Gravity Side 

An obviously interesting way to extend the type of string solutions we developed 
would be to include non-zero temperatures. While thermal field theories usually 
include temperature via periodicity in the Euclidean time direction, finite temperature 
in the dual supergravity side is best understood through non-extremal geometries 
[55} ESJ [100J. Periodicity in the time direction is usually read from the metric of a 
disk, ds 2 = dr 2 + r 2 d8 2 , and the temperature is defined as the inverse of the period 
in 9, T = In supergravity, we also have a Wick rotated form of the cone's metric 
(t — > it E ) allowing us to read off the temperature from the pref actor of dt 2 : 

ds 2 = -47r 2 T 2 r 2 dt 2 + dr 2 . (4.1) 
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Solutions of this form appear naturally in supergravity as non-extremal branes 
solutions. An example of prime interest to us is the standard regular non-extremal 
D3-branes solution compactified on X 5 , sourced only by the 5-form flux. In this case, 
the metric takes the form 

r dv^ 

ds\ Q = h- l ' 2 (r) ( - g{r)dt 2 + dx'dx') + /i 1/2 (r) ^— + r 2 {dM 5 ) 2 (4.2) 



with 



9(r) 



h(r) = 1 + ^ (4.3) 
g{r) = 1 - ^ (4.4) 



where i = 1,2,3 and L 4 = ^L s + r 8 h /A - r A h /2. The new element here is the non- 
extremality or black hole factor: g(r). On the boundary at r = oo, this non-extremal 
factor has the effect of turning on a temperature of 

r =r4ri < 4 - 5 > 

47iy/i(r A ) 

from the supergravity perspective. Since g(r) introduces a singularity in the metric at 
the horizon r^, we have to restrict our space to r > r^. The r < region corresponds 
to the black hole volume. 



In general, we will consider that having a metric of the form (4.2) with g(r) ^ 1 
corresponds to introducing a temperature on the gravity side. Note that in order to 
have a regular horizon, we need g(r) and h(r) not to vanish at the same value of r. 

In the same manner as when we went from the KW to the KT solutions of sections 



2.1 and 2.2, it would be very interesting to generalize the regular and fractional D3- 



branes KT solution to include non-extremality. Such a solution would provide a 
gravity dual of SU(N + M) x SU (N) thermal gauge theories and potentially be the 



starting point of a thermal version of the KS cascade of section 2.3 



A. Buchel first addressed the question in [lOlj with the interesting proposition 
that since non-extremality cuts the the RG flow at r^, the KT singularity might be 
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cloaked behind the horizon, thus preventing the necessity of the duality cascade of KS. 
Realizing this would provide a supergravity manifestation of chiral symmetry restora- 
tion at finite temperature. Unfortunately, the particular supergravity construction 
of Buchel was not regular as both the warp factor h(r) and the non-extremal factor 
g(r) vanished at the same r^. Furthermore, this first attempt at a non-extremal KT 



solution failed to reduce to the standard non-extremal D3-brane solution of (4.2) at 
M = 0. 

Fortunately, the idea was developed by Klebanov and collaborators [26], who 
successfully provided a supergravity dual of SU(N + M) x SU (N) gauge theories 
that is asymptotically KT and has a well defined horizon. The metric, consistent 
with the U(1)r symmetry of the -^-rotation and with the interchange of the two S 2, s, 



was taken to be of the form of (4.2), with the compact metric taken to include a 
squashing factor e~ 10w for ip: 

(dM 5 ) 2 = e~ Ww el + el + e 2 9l + e\ 2 + e\ (4.6) 

Their ansatz was the same as for the KT case and they also satisfied the Bianchi 
identity for the 4-form. 

With these ansatz, Klebanov and collaborators j26j[27j could reduce to an effective 
one-dimensional action in r and find a non-extremal fractional D3-brane solution. 
However, their solution was only valid at high temperature due to the perturbative 
expansion that their solution required. Their expansion parameter is A = P 2 //C* 



where /C* is the 5-form flux (2.7) at the horizon. Since /C* gets bigger as we push 
further towards the UV, it is clear that this is a large temperature expansion. 

Three key observations about thermal solutions must be made from this. First, the 
squashing of the U(l) fiber indicated a necessity to modify the T 1,1 metric. Second, 
the dilaton is no longer constant. Third, the 3- form fluxes should no longer be 
self-dual. These results will help us later to define our starting point when we will 
generalize this solution. 
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Before we move on, let us have a closer look at what happens when we go towards 
the IR to see how the cloaking of the singularity suggested by Buchel actually occurs. 



There are three possibilities: i) /C(r), the 5-form flux (2.7), vanishes before r^, ii) 
/C(r) vanishes after r^, or hi) K(r) vanishes at r^. In the situation hi), the horizon 
coincides with the singularity, as in |1U1] . and is not a regular solution. Let us then 
define the radius at which /C(r) vanishes by its temperature T c . Then, the situation ii) 
corresponds to T > T c , in which case the flux singularity is hidden and cascading is not 
necessary. For i) however, corresponding to T < T c , /C(r) reaches zero before the non- 
extremality affects the solution significantly. The construction then needs to cascade 
to remove the singularity and confinement occurs. Chiral symmetry restoration in 
the dual field theory interpretation is then a part of the phase transition that can 
occur at T c . 

4.2 The Dasgupta-Mia Set up 

As we just saw, previous work was successful only perturbatively at large tem- 
perature and without flavors. It would be much more interesting however if we could 
solve these issues as the IR limit of large N thermal QCD is closer to the parameter 
space currently being explored by the RHIC experiment. 

Previous work by K. Dasgupta, M. Mia and collaborators addressed this issue 
extensively and provided a construction that is currently the closest set up to a UV 
complete gravity dual of large N thermal QCD [TJ I2EJ 121 H02| . Key elements of this 
work can be seen as a non-extremal version of the set up we constructed in chapter 
[3] and generalized to take into account observations made in [261 127] . More precisely, 
this setup presents what we expect for an embedding of regular and fractional D3- 
branes for colors with running couplings, along with D7-branes for flavor and non- 
extremality for temperature. The construction is compactified on a non-extremal 
squashed warped resolved conifold. 

Like in chapter [3j the flavor D7-branes are included via the Ouyang embedding, 
but in this case, they will backreact differently on the geometry. Furthermore, the 
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squashing of the U(l) found by Klebanov et al in [26, 27J will be replaced by a 
squashing between the two 2-spheres, which will now take the backreactions from 
the non-extremal geometry and from the D7-branes into account. This squashing 
of the geometry defines new cycles on which the fluxes will be warped and, as we 
will see in the next chapter, will directly be related to the 3-from fluxes to no longer 
be ISD. This, of course, also makes our compactification manifold no longer Calabi- 
Yau, but this is not a concern for us as we do not try to preserve supersymmetry 
(which is broken by thermal effects), but only to find solutions to the equations of 
motion of String Theory. Note that this work is different from [26, 27J by the fact 
that it includes flavor, defines a precise squashing of the 2-spheres in the internal 
directions and address the question by the whole set of supergravity equations of 
motions, instead of a one-dimensional reduced action. 

To make our geometric ansatz more precise, the metric which takes all these 
elements into account has the following form: 

ds 2 = — - g{r)dt 2 + dx 2 + dy 2 + dz 2 + Vh g(r)~ x (h* + dM\ 
yh L J L -I 

= e 2A (-e 2B dt 2 + 5 l] dx i dx j ) + e- 2A - 2B g mn dx m dx n (4.7) 

where g(r) is the non-extremal factor introducing temperature and dM.\ is the metric 
of the internal angular directions. The warp factors A, B are related to the typical 
notation by 

h = e~ AA , g = e 2B . (4.8) 

The metric along the internal directions is taken to be: 

1 



2„2B 

9' 

+ hd9l + sin%d(j) 2 ) + l(l + F(r))(d9 2 + sin 2 6 2 d(j) 2 )} . (4.9) 



g mn dx m dx n = dr 2 + r 2 e 2B ^(di/j + cos M0i + cos B 2 d^ 2 f + 0(g s M 2 /N, r^/r 4 ) 

.9 

hde 2 + 81^9^1) + h 

6 6 
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If we take the squashing factor F(r) = %- with a constant, this would correspond 



almost exactly to the resolved conifold metric (2.23). Here however, F(r) is kept as 
a free parameter to include the backreactions of the non-extremality and D7-branes. 

The above setup looks a lot like what was done in chapter [3| except for the 
squashing (running resolution of the 2-cycle) and non-extremality. As before, we will 
need to require the same supergravity limit 

(N, M, N f , g s N, g s M) ~ Large (4.10) 
(g„ g s M 2 /N, g.N f , M/N) ~ Small (4.11) 

but we will add that the deviation from the extremal case computed previously will 



be small. This will become more explicit in (4.22). This will allow us to take the 
previous solution of chapter [3] and [TB] as the zeroth order solution and to solve 
the supergravity equations for the first order corrections in the order of the small 
parameters above. More precisely, this allows us to understand that F(r) will be the 
resolved conifold to zeroth order and the flux to be given by ( 3.23[ ) and (3.22), plus 



corrections that will vanish if we were to take = or zero temperature. 

The work of [U Ej further addressed the important question of the UV completion 
of this solution. As the KS duality cascade and QCD have similar IR behavior 
(SU(M) color with fundamental matter), their UV behaviors are somehow different. 
While the couplings of QCD appear to be asymptotically free in the UV, an inverse 
KS cascade towards the UV immediately implies that one of the two gauge theory 
coupling will go to infinity (referred to as a Landau Pole). In order to avoid this 
problem, a modification of the construction is necessary towards the UV. Seen from 
the supergravity perspective, this Landau pole appears because the B<i flux in the KT 
set up is logarithmic in the RG scale (the radial direction r) and thus goes to infinity. 
It was conjectured in [U E] that this could be cancelled by adding (p,q)-branes, at a 
certain distance far away in the UV, which would make the total 3-form flux now go 



to zero as we move towards the UV. The gravity picture is illustrated in Figure |4.1 
while the brane picture is illustrated in Figure 4.2 [103J. 
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region 1 
B 2 ^ log r 



region 2 



region 3 



Figure 4.1: In [HE], it was conjectured that UV completion of KS-type solutions 
(region 1) could be accomplished by cancelling the 5-brane charge in the UV. This 
would allow for a decay of the 3-form flux in the intermediate (region 2) and a well 
defined AdS completion in the UV, without logarithmic running (region 3). 



How exactly we expect this cancellation to be realized for the flux in the UV was 
further conjectured to take the form 



— « 1 — ln(r)c + - ln 2 (r)c 2 + . . . 

T 2 



for c 1 



(4.12) 



where the role of c would be played by one of the parameters in (4.11). Defining c 



appropriately, this relation could easily be used to replace the logarithmic dependence 



of the fluxes on r. The 3-form fluxes should then take the form of (5.1) and (5.12). 

ND3 



N D3 



N D3 




M Do 

(a) N D3 branes placed at the tip(b) M D5 branes wrapping the(c) M Anti-5 branes separated 
of the conifold vanishing two cycle of the coni-from the D5 and D3 branes but 

fold also located at the tip r = 0. 

Figure 4.2: Brane construction of conformal field theory, non-conformal field theory 
and UV completed non-conformal field theory 
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This obviously allows these fluxes to decay at large radius. This form of the fluxes 
is further allowed as a solution in the far IR as we can always choose to cut the 



parameter expansion to first order in (4.11), where we recover our previous solution 



directly. Also, the decaying of the 3-form flux can be associated to a decrease in the 
number of 5-branes. This appears in the formulation of the flux in the interpolating 
region as M(r). M(r) being constant and non-zero corresponds to the IR region 1. 

Now, once this is taken care of, this geometry can be capped by an asymptotically 
AdS geometry (region 3) where only the axion-dilaton r is running and D7-branes 
live according to F-theory's law. 

To summarize, this work made progress towards defining the input to the equa- 
tions of motion in the presence of a black hole and non-ISD fluxes, However, the 
form of their backreactions on the geometry were only conjectured and the equa- 
tions not precisely solved. It was suggested that the non-extremality and the flavor 
branes would alter the geometry by making the resolution of the conifold squashed, 
i.e. running with the radial direction, thereby affecting the 3-form flux and making 
it non-ISD. Finding the precise way that the flux is affected is the object of the next 
chapter. 

4.3 Towards an Exact Solution to the Thermal Su- 
pergravity Equations 

In we took a closer look at the full supergravity equations of motion associated 
to the setup presented in the previous section [U [2] . Significant improvements towards 
a solution with all the necessary backreactions were made. Here, we will review the 
most important features of the results obtained as it is the introduction to the next 
chapter. 

The approach taken to solve type IIB supergravity equations of motion is to follow 



the same guidelines as in GKP [30J, presented in section 2.5 We take the same metric 



as in (4.7) with (4.9) as the squashed internal directions. The type IIB action (2.36) 



and equations of motions (2.45 ) still read the same as in GKP, but now with the above 
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metric inserted in the Ricci tensor. Keep in mind that if we take the non-extremal 
factor to be g(r) = 1, we recover the extremal case of chapter [3] where the flux is 
ISD and the resolution factor is constant. Let us now have a look at the equations of 
motion. 



The 5-form is given by (2.41) 



F 5 — (1 + *w)da A dx° A dx 1 A dx 2 A dx 3 



(4.13) 



where we chose a = e . The Bianchi identity, coming from the C4 equation, reads 



dF 5 = H 3 AF 3 



(4.14) 



where we neglected the local sources. We took the warp factor to be of the form 



h = h° + h 1 , where h° is the first contribution to h and given by (3.28), while h l is a 



correction of order (|4.11|). Using our metric ansatz, the Bianchi identity now reads 

r 5 + b^drh 1 = 4L%F 



drdX + -d 6i {g e ^d ei h>) + r -^d 0i {g^de t h°) 



(4.15) 



The presence of L A on the RHS tells us that the order of correction in F is even 
smaller then in h 1 . 

Looking at the Einstein equations, a first relation we obtain is 



R t — — 



(4.16) 



which leads to 



3B?;2-3B 



\7 2 B - Sg mn d m Bd n B = --e 6B V 2 e 







(4.17) 



To first order, this gives us the usual non-extremal factor (4.4). But the inclusion of 
the squashing will slightly modify it to 



,2B 



-4 



(4.18) 
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where G is small and at least 0(g s M, g s Nf). 

Combining the Bianchi identity with the trace of the Einstein equations along the 
spacetime directions, we get: 

vV A+B -a) = ^^^G 3 -HG 3 \ 2 + e- 6A - 3B \d(e' A+B -a)\ 2 
olmr 

+3e- 2A - 2B d m Bd m (e 4A+B - a) + local source (4.19) 



This is interesting as it is a non-extremal generalization of (2.54) from GKP. 

Note that by choosing a = e 4A , we no longer get a cancellation of every individual 



terms of (4.19). This includes the term for the 3-form flux, G 3 , which will now 
have to be non-ISD in order to satifsy this equation. This is in complete accordance 
with [26] |27] which anticipated that a non-ISD 3-form flux was necessary at non-zero 
temperature. The choice a = e AA also brings us to limit our result to non-compact 
manifolds. 

It was further demonstrated in |29| that the 3-form flux did not contribute to 



(4.19) to first order in the squashing factor F. This means that the details of the 
deviation from the extremal ISD case (corresponding to the Ouyang embedding) are 
not crucial here since we have restricted ourselves to first order corrections. More 
precisely, the 3-form fluxes deviate from Ouyang's fluxes as 

F 3 ~ M[1 + 0(F)}, H 3 ~ g s M[l + 0(F)] (4.20) 



This will contribute to the Bianchi identity (4.14) as 

lff 3 A F 3 = liZf > A F 3 (0) + 0(g s M 2 /N ■ F) (4.21) 

which is a second order correction to the Ouyang solution for and F^°\ These 
will further backreact on the warp factor e 4A when we will look for higher order solu- 
tions. This is another way that temperature will enter the geometry as the squashed 
resolution factor will depend on the black hole horizon, F ~ a 2 ~ a 2 (r/j). These cor- 
rections are very interesting as they tell us how flux compactification gets modified 
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by thermal effects. The method to compute these fluxes will be shown in the next 
chapter. 



This greatly simplifies our equation (4.19) as it shows that the G3 flux does not 



contribute to first order. Surprisingly, calculations in [29] further showed that the 



other terms of (4.19) are also exact to first order. This means that the first order 



contribution of the two equations that combined into (4.19 ) cancel each other. In order 



to solve both the Bianchi identity (4.15) and the trace of the Einstein equations, we 



can instead solve for the Bianchi identity and their combination (4.19). If we only 



look at first order, (4.19) is satisfied automatically, as we just saw, leaving only the 



Bianchi identity (4.15) as our defining equation. 



The other Einstein equations to be solved are the ones along the internal direc- 
tions. Since G3 is not self-dual, it is not as obvious how to solve for each of them 
individually. However, limiting our calculations to the region 



these Einstein equations may be combined and simplified to 

p A ~mn 

+ -g mn d m Ad n A (e- 2B - 1) + V {?>V m d n B + d m Bd n B) 

O 3 



(4.22) 



9' 



d( m Ad n )B 



9 mn d m rd n f 
12|Imrl 2 



(4.23) 



where R = g mn R mn and we have ignored all local sources. 



Interestingly, (4.15), (4.17) and (4.23) are exactly the three equations we need to 



fully determine our three unknowns: e , e and F. A numerical calculation has 
been performed, showing that our ansatz effectively allowed for a solution. See [29] 
for the numerical results. 

Two results are to be noted. The first is that the resolution F was computed to 
be negative. It might seem unnatural that we get F ~ a 2 < 0. However, since F 



appears as (1 + F) in the metric (4.9) and that F«C 1, this will not be a problem. As 



we will see in the next chapter, this will not be a problem for the 3-form fluxes either. 
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The second interesting result is less obvious from the summary presented here, but 
it was shown that a 2 , associated with the resolution F, is given by 

9 9 5q s M 2 pnri Q S M 2 rl r , ,91 

where are constants determined in the details of the expansion and is the bare 
resolution parameter. This is actually a precise expansion of how the black hole factor 
Th enters the geometry through the resolution factor. 

The first part of [29] then provided a good geometric ansatz allowing to solve for 
all supergravity equations at first order and at high temperature. 



Summary 

In this chapter, we developed models that brought us several steps closer to a full 
gravitational dual to QCD. Building on top of the flavour that we added to the KS 
solution in chapter |3j here we added temperature. We now have a gravity dual of a 
gauge theory with colours, flavours, temperature and which leads to confinement in 
the IR. However, our solution is still only valid at large temperature, large number 
of colours and we still do not have a precise formulation of the thermal fluxes. This 
is an issue that will be addressed in detail in the next chapter. 
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Chapter 5 



The Backreacted Thermal 3-Form 

Fluxes 



In the earlier chapter, a detailed derivation of the geometry of the non-extremal 
limit of a Klebanov-Strassler type solution with a background warped resolved coni- 
fold was successfully derived. The ansatz used to solve for the fluxes of the form 



(4.20) where the three-form fluxes was divided into two pieces: one leading term 
coming from the known Ouyang fluxes, and the subleading corrections from the var- 
ious backreactions. For these corrections, both the RR and NS three-form fluxes 
were shown to receive contributions from the bare resolution parameter and the 
g s M 2 /N terms in addition to the 0(rh) terms. In the following chapter, we will not 
only justify this but also provide the form of the three-form fluxes including the afore- 
mentioned corrections. Note that our analysis will not be affected by the constraint 



(4.22) that we had to impose to solve EOMs in the above subsection, allowing the 
radial coordinate to take all values above r^. 



As we just mentioned, |T] and |2H] conjectured how, using the metric (4.7) and 
(4.9), the Ouyang flux of chapter [3j should naturally be extended to become non- 
extremal, non-ISD and satisfy the supergravity equations of motion. More precisely, 



S3 



the ansatz for the RR three-form flux F 3 = F s — CqH 3 takes the following form: 



A 



2 7rr 9sN f 

E 



E 



2M(r)c a 



sin Oi dOi A d(pi - 



/o 



a sin 02 d02 A o?^2 



3g 3 M(r)N f d a / 2 . 

47rr ^ (Q) * I cot -g sm ^ 2 



E 



3g s M{r)N f e a . . ( 9 2 ^ 
- — — ^ — sm 0i sm 2 cot — d0i + > 

inr (<*) \ 2 



E 

a 

0i 



9a , 01 . Q 

— — cot — sm &i 

r P(a) 2 



cot ^ d6 2 \ A #i A (5.1) 

r "(«) 2 



with a„ 



1 + and is defined in the intermediate region r B 



< r < r Q . The 



additional contributions to (5.1) are all proportional to powers of r^, as they should 



vanish in the zero temperature ISD limit. Finally, we will refine the definition of the 
quantity e^) in the following way: 



n 

with b an are functions of g s Nf, M and the horizon radius r^. The coefficients b an 



are assumed to be small such that the expansion (4.12) is valid. The coefficients 



P( a ),CT(a),8(a), etc are also defined in a similar fashion. The other coefficients, for 
example c a , ...h a would again be functions of g s Nf and r h , but also of the resolution 
factor a (including the internal angular coordinates). The resolution factor appears 
from the gravity dual that was considered in pQ, i.e a resolved warped deformed 
conifold with the resolution factor, can be viewed as a function dependent on the 
horizon radius r^. We will argue this in details below. The coefficients b an can be 
represented in terms of the following matrix: 



b{an} 



ho 
ho 
ho 
ho 



hi 
hi 
hi 
hi 



h2 
bi2 
h2 
h2 



h3 
bu 
hz 
hs 



b m o b m \ b m 2 b m3 



(5.3) 
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The elements of the matrix b an can be determined in terms of the Cq, c±, c%, .. coeffi- 
cients that appears in the expansion ^Jy- This is one reason for writing the various 
powers of r using different symbols. For example a( a \ will have a similar expansion 



as (5.2), but with a different matrix. The various elements of the matrix will now be 
determined in terms of do,di,d 2 , etc as one would expect. For the first case, we have 
managed to determine c a up to few terms by matching with the first order terms of 
chapter [3j This was done by taking the small b an expansion of -4f^j and comparing 
order by order. The result gives us: 



c = l + 0(r h ), d = <D{r h ), c 2 = (l - hog C ) + 0(r h ) (5.4) 



where a is the resolution factor and ( is a parameter whose importance will become 
apparent soon, but could also simply be set to 1. Once we know c a , it is not too 



difficult to get the relations between the various components of the matrix (5.3). One 
may now show that the components b an satisfy: 

froo = 601 = ho = 0(r h ) 

27a 2 g s N f m . . 
C0&02 + ci&n + C2&20 = ~^r 2 VO[r h ) 

2c &oo&oi + ci&io = 0(r h ) 

c &oi + 2c &oo&02 + 2ci&io&n + C2620 = 0(r h ) (5.5) 



Putting these first order terms back together, one may show that: 

^ c a 9a 2 g s N f ( 3 \ 27a 2 g s N f log r 0(r h ) 



r e (a) 2n( 2 r 2 \ 2 J 4n( 2 r 2 r 2 

9g s N f a 2 (r h ,g s N f ) 2 2 

= 1 + —r^ />■ \ o ■ t 2 - 31og (Cr)j + 0(r h , g s N f ) (5.6) 



which is consistent with what was discussed in [T]. Namely, the resolution parameter 
a can be thought of as a function of (r^, M, g s Nf), including the radial and the angular 
directions, i.e 

2/ M at \ 2 1 f b a g?[M(r)r h ] a + 1 
a = a(r h ,M,g s N f ) = a + ^ (5.7) 

a=l 
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with b a being functions of the angular directions so that this is consistent with (4.24). 
The relation between these two forms of a 2 can be determined by comparing (5.7) 



with Q4.24[ ) (note that ( |4.24[ ) implies b = 0). 

The other factors appearing in the flux ( |5.1 ) are also given in terms of series 



expansions similar to (5.6) above: 

18a 2 (r h ,M,g s N f )log (CO 



a 



1 + 



1 



(Cr) 2 

18a 2 (r h ,M, 9s N f )log (CO 



(CO 



+ 0(r h ,M,g s N f ) 
+ 0(r h ,M,g s N f ) 



(5i 



Looking back at the flux 5.1, note that there are also squashing factors given by 
/fey> p*ft) an d These squashing factors distort the spheres and therefore affect 

the fluxes on them. These are exactly the factors we are interested in as they tell us 
how the fluxes become non-ISD once non-extremality and squashing are set in. These 
squashing factors can also be computed by the same procedure and are given at first 
order by: 

i 729 g 2 N 2 a 4 {r h ,M,g s N f 



E 



Ja_ 



log (Cr) [2 - 31og (CO] + 0(r h , M, g 2 s Nf 



+ 



32tt 2 (CO 4 

81 g s N f a 2 {r h ,M,g s N f )\og{Cr 
8tt ' 



E 9a 
fP{a) 



1 + 
1 + 
1 + 



(CO 2 

g s N f a 2 {r h ,M,g s N f )log (CO 



(5.9) 



+ 0{r ht M,glNf 



2 Anr 2 + 9g s N f a 2 (r h , M, g.N f )[2 - 3 log (CO] 
36a 2 {r h , M, g s N f )log {(r) 648a 4 (r h , M, g s N f )log 2 ((r 



+ 0(r h ,M,g 2 s N 2 " 



(CO 3 

36a 2 {r h ,M,g s N f ) log (CQ 
(CO 3 + l8a 2 (r h ,M } g s N f )(r log (CO 



(CO 5 
+ 0(r h ,M,g 2 N 2 f ) 



1 + 36a 2 (r h ,M,g s N f )\og (Qr) + 648a 4 (r fe , M, 9s N f )log 2 {(r) 



(CO 



1 + 



(co 2 

(CO 2 + lSa^r^M,^) log (CO 1 7 ' 



0(r h ,M,g 2 N 2 ) 



2 \r2N 



The far IR physics is then determined from (5.1) and the squashing factors ( |5.9 ) 
by making the replacement (C^) — > r to the radial coordinate (or taking C = !)• 



Concerning the issue raised in section (4.2) about the sign of a , note that all the flux 
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components are expressed in terms of a 2 and therefore the sign of a 2 can be directly 
inserted here. 

Considering all the above, this gives us a more detailed formulation of a result 
obtained in pp. Namely, the 3- form flux takes the general form 



2MA 1 1 + 



2vr 



3g s MN f dr 



4% 
3g s MN f 



log r J A - (sin Q\ dQ\ A d<pi — B x sin 9 2 d9 2 A d(f) 2 ) 



— sin 9 2 dcj) 2 — B 2 cot — sin 9\ d<f>\ 



A A I cot 



8vr 




A 3 sin 9i sin 2 ( cot y d6>i + B 3 cot ^ J 2 ) A d0i A rf0 2 (5.10) 



where we have taken M{r) — > M in the far IR, and the various coefficients Aj,Bj 



are related to ( |5.6[ ) and ( |5.9[ ) as: 

Ai, 
Bi, 



E 

a 

E 



fa 



Ed a 



E 



if" {a) 

9a 



A 2 , 



B; 



y- 



E 



A 3 
B 3 



(5.11) 



As we mentioned before, the additional contributions to (5.11), included as Aj,Bj , 
are all proportional to powers of and others sources, as they vanish in the extremal 
ISD case. It is these asymmetry factors that incorporate the corrections into the 



fluxes. Needless to say, the functional form for F 3 is consistent with (4.20). 

The NS three-form flux if 3 is now more interesting. Unlike _F 3 , it has to be closed. 
This is a crucial property of H 3 that we will exploit to help us define its exact form. 
When the resolution parameter a and M are just constants, it is easy to construct a 
closed if 3 . In the presence of non-constant a and M(r), finding a closed if 3 is much 
less trivial. For our case H 3 is given b}p~| 



1 We corrected a minor typo in 
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H, 
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1 (cosec y cosec y) 
2tt 27rr 2 

A- [ sin 6»i d6»i A dd>i — -§^L s i n Q 2 d9 2 A 
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9 9 
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27a 2 g s N f 
2 + 



r 16g s Nf r 2g s N f 

(9 9 \ 

sin — sin — j sin 9 2 d9 2 A d0 2 A dr 
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12vr 



dr 



with (k a ,...,q a ) being constants, <7j = 
{g s N f ,M,r h ) and (g s N f ,M, r h ). 



\,(j>i) and 6 n 



2 A dr 

= E 



772 r m + e m 



(5.12) 
where a nm = 



Note that in addition to the simplest 0{rh) term that we mentioned above, there 
would be more terms of the same order that vanish in the ISD limit. We might also 



wonder about terms of the form da/dr and dajdoi. From the form of (5.7) we see that 
these terms themselves are of O(M) so to this order, they could either be absorbed 
in the dM(r)/dr or 0(r^) terms. The various squashing factors have been computed 



like for F 3 and are now given by: 



r| = 1+ ^ 2 (r h ,M,g N f ) log ( C r) + 

a S 

V- Pa _ 1 , Sg s a 2 (r h ,M,g s N f ) 9g a a\r h ,M,g s N f ) 2 2 

(Cr) 2 - 3a 2 (r h ,M,g s N f ) 1 
y±_ = l , 72a 2 (r h ,M,g a N f ) log (Cr) 2592a 4 (r fe , M, ^iV» log 2 (fr) | q, ^ g 2 N 2 ) 

a s y 

72a 2 (r h ,M,ff a iV / )log(Cr) 2 2 

Cr + 36a 2 (r^, M, # s iV/) log (Cr) J 

Note again that the resolution parameter in all the coefficients appear as a 2 . To 
study the far IR physics, we consider the limit M(r) — y M and the expansions of 



(5.13) are again respectively related to the A 4 , A 5 ,B 4 and B 5 defined below. This 



then reproduces again the far IR result of [28J as well as the expected ansatze (4.20). 
Namely: 

q , , 9g 8 N f g s N f . X . 6 2 \dr 

H 3 = Qg s A 4 M 1 H — J - log r + —± log sin— sin- — 

47r 2tc 2 2 r 



( sin 9i d6i A d<j>i - B 4 sin 9 2 d6 2 A d(f) 2 ) + ^ 9s ^ Nf A 5 ( — A - \de^ 



6 9 
A | cot -| d9 2 - B 5 cot y dBx ) (5.14) 

with the necessary 0{rh) terms that vanish when the horizon radius vanishes. 

In the far IR the closure of if 3 is again non-trivial because the resolution parameter 
a is no longer a constant like in [16], although M(r) — y M. All the information about 
the running of a is captured in the coefficients A 4i5 and the squashing factors B 4 5 . 
In the following section we will determine the resolution parameter to 0(M 2 ) in the 
IR. This means that up to this order, the closure of each component of dH^ implies 
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the following three conditions: 

(i) « 2 cot -j + a 2 A 5 cot y ^ + 0(r h , M 3 , = (5.15) 

aism 6*1 -^— + a 2 cos 01 cot — — ct 3 sm 6 1 cot — — — 

<9B 

+ a 2 A 5 cos 6 1 cot ^ — ± + 0(r A , M 3 , g s Nf) = 

Z Cfc'2 

(m) «i B 4 sin 6> 2 cot — — ai A 4 sin 6 2 «2 A 5 cos # 2 cot — — - 

Z OV\ OU\ Z O02 

- a 3 A 5 sin 6>2 cot — — h « 2 cos 6*2 cot — — — 

2 or 2 Wi 

<9A 

- a 3 B 5 sin # 2 cot -j + 0{r h , M 3 , g s N f ) = 

where «i, a 2 and a 3 are defined as: 

. j , ■ is - ■ i 9s-Nf 6 1 Oj 

aii = — ^ — 1 H : — - log r + — — log sin— sin— 

Z7T Z Z 




"2 = -, as = -7, — - = — 5 - 16 

Snr lo7r 2 

The RR three-form flux F 3 = F 3 — CqH 3 is not closed, but it satisfies the condition 
dF 3 = —dC AH 3 , which is equivalent to the statement that F 3 is closed. As described 
in [28], the closure of F 3 is only in Region 1, as in Region 2 there are anti five-brane 



sources that make F 3 non-closed. Since Co is given by the Ouyang embedding (3.10), 
we have that 

dC = k[di) - #i - d(j) 2 ) (5.17) 



where k — ^ . Implementing this with the squashing and non-extremality, the closure 
of F 3 in Region 1 implies the following nine conditions on the various coefficients of 
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the three-form fluxes: 



<9Ai . <9A 2 . Oi Q «9B 2 0x . 

M Pi^— sin 6*1 - ft — — cot — sin X - ft A 2 — — cot — sin 6 1 
or od 1 2 ad i 2 


+fcai A 4 sin X + A;a2 A 5 B 5 cot y cos 0i + A;a 2 A 5 B 5 cot y + C(r ft , M 3 , <7 s iV/) = 

— — sin 2 + ft -^tt- cot — sin 2 
ar a0 2 2 



r) A r)B 

(«) - ft Bi -— ^ sin 2 + ft Ai 


— fcai A 4 B 4 sin 2 — ka 2 A 5 cot — cos 2 + ka 2 A 5 cot — + 0(r h , M 3 ,g s Nf) = 

flRo r9A„ fl„ ' 9A 2 d 1 . 

— cot — sin 0i cos ft 



9Aa • a /i i o R <9A 2 0! 

— — cot — sin 0i cos 0i + ft B 2 — — cot — 

Ou\ Z 0u\ Z 



(w) Pi cos 2 sin 0i - ft -^tt- cot — 

or adi 2 

o » <9B 2 0! . «9A 3 2 , . . . 

-ft A 2 — — cot — sin 0i cos 2 + ft cot — - ka x A 4 sin d 1 
ad i 2 or 2 

= 



y 
— A;a 2 A 5 B 5 cot — cos 0i + ka 2 A 5 B 5 cot — cos 2 + 0(r h , M 3 , g s Nf) 

9A l - a a a a 5B l • /> /i a 5A 2 ± ^ ■ a a 

— — sin ft cos d\ — pi Ai — — sin ft cos 0i — ft — cot — sin d 2 cos 0i 

ar ar <70 2 2 

0i 



0J\ ■ 

(vii) - ft Bx — 
-ft B 



— cot - sin 0i cos 02 - ft A 2 — cot - 



— sin 0i cos 2 + ft B 3 — — cot — 
2 ar 2 



' 2 U2 W COt 2 

<9B 3 0i 2 

— — cot h A;o;2 A 5 cos 0i cot koi\ A 4 B 4 sin 2 

Or 2 2 



<9A 3 + 2 

— cot — 



• ■ A « 7 

Q 

- ka 2 A 5 cot j cos 2 + 0(r h , M 3 , g s N f ) = 

< —\ a 9A i a , a a 5B i • a a ad 5A 3 . d i , o 9A : 
(vm) ft cos 2 + Pi Ai sin 2 cos X - ft B 3 cot — + ft — , 

<9B 

-ft A s cot - A:a 3 A 5 cot -| sin : + ka 3 A 5 B 5 cot -± sin 2 + 0(r h , M 3 , g s N f ) = 
0v\ Z Z Z 

<9A 

(^) ^1 sin e i + ka s A s cot sin 0i + G(r h , M 3 , y s iV/) = 
ou 2 z 

(9B 

(x) ft Ax — - sin 2 + ka 3 A 5 B 5 cot -± sin 2 + G(r h , M 3 , ^iVj) = 

0t>i z 

dA. 6 6 

(xi) - ft cot — sin 2 - ka 2 A 5 B 5 cot — cos 2 + ka 2 A 5 B 5 cot — 

od\ Z Z Z 

+ O(r h ,M 3 ,g s N f ) = 

.... <9B 2 0! . 9A 2 2 . 2 

(x^^J - ft A 2 — — cot — sin 0i + ft — — cot — sin 2 - ka 2 A 5 cot — 
0o 2 Z 002 Z Z 



Q 

- ka 2 A 5 cot y cos 6 1 + 0(r h , M 3 , g s N f ) = 



(5.18) 



where we have already defined a^, A n and B m . The ft are now defined as: 
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Ztc 



3g s MN f _ 2fc 



(5.19) 



Notice that in (5.15) and (5.18) we have separated the 0{r^ M 3 , g s Nf) corrections 



from the resolution parameter a 2 in the fluxes. We may also absorb these corrections 
to the resolution parameter and write the three-form fluxes completely in terms of 
0(M 3 ) corrections to the O(M) terms in the original Ouyang solution. This may also 
be interpreted as though every flux components sees a different resolution parameter 



at. 



Note also that we don't have an 0(M 2 ) corrections to the Ouyang three-form 
fluxes. From (5.7) we could have expected an O(M) term for a 2 . Fortunately, (4.24) 



showed us that bo = 0. Also, the scenario with being of 0(M/N) is more likely, as 
in the absence of wrapped D5-branes the gauge theory is conformal with the gravity 
dual given by AdS 5 x T 1,1 |2T]. Only in the presence of wrapped D5-branes does the 
gravity dual become a resolved warped-deformed conifold so the resolution parameter 
do should depend on M. It is then clear that the fluxes we computed will contribute 
to 0(M 3 ) terms to the original Ouyang fluxes. As we anticipated, this helped us to 
get a consistent background in the presence of fluxes and a black hole. 

Before we end this section, let us also see how the squashing factors in the three- 



form fluxes behave in the light of the result (4.24). To 0(g s M 2 /N) the resolution 
parameter a 2 is only a function of the radial coordinate r. This means that A n , B m 



can be written as functions of r to this order satisfying the closure conditions (5.15) 



and (5.18). For example, combining (4.24), (5.15) and the condition (ii), A 5 takes 
the following integral form: 



A, 



1 



sin 8i cot ^ J a 3 



dr 



«5 



(5.20) 
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where 05 is a function of the angular 9{ and the radial r variable such that = 0. 



Similarly, using the condition (in 

B 5 



sin 9i cot tt J dr c 5 a? '"(/•) 



sin # 2 cot y / dr' a 5 



a, r 



(5.21) 



where again C5 is like 05 discussed above. Once (05,05) are determined the two 



integral forms (5.20) and (5.21) not only satisfy the closure conditions (5.15) but also 



the necessary equations of motion. These two integral forms are also consistent with 

- , '-' y -' UAf is a constant. Note 



the conditions (ix) and (x) of (5.18) because 03 



16tt 



however that, to this order, the integral form for (A4, B4) cannot be determined by 
this method, although we will know (A 4 , B 4 ) in terms of the resolution parameter a 2 
up to the 0(rh, M 3 , g s Nf) corrections. 

On the other hand, if we assume that (A4, B4) have some integral representation, 
both (Ai,Bi) will also have an integral representation. If this is the case, then: 



Ax 
Bi 



dr ( a\ Q\ o 9i 

+ kai A 4 + ka 2 A 5 B 5 cot — cot 9\ + ka 2 A 5 B 5 esc — 



+ kai A 4 B 4 + kc*2 A 5 cot — cot 8 2 — ka 2 A 5 esc 2 



0x \sm 6*i 
dr ( b\ 



/3iAi \sin 9 2 



(5.22) 



where (ax, 61) are functions of r and 9i such that = = in the same sense 



as mentioned earlier for the other cases. The other squashing factors in (5.18) do not 
however have such simpler integral forms. 



Another interesting thing to note is that from condition (xii) of (5.18) we might 
get a simpler form for A 5 , namely: 



Ac 



ra-j 



2ka 3 cot f (1 + cos 9 X ) 



(5.23) 



This may seem to be different from (5.20) that we derived earlier. This is however 



not the case because the coefficient 07 can be related to 05 by the following relation: 



' da 7 da? 
a5= k [W 1 +T d9 1 dr 



(5.24) 
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One may also compute a similar relation for 6 5 and 67 from condition (xi) of (5.18) as 
above. The final result will again be consistent with what we got earlier, establishing 
the fact that the system is well defined with the given set of boundary conditions. 
Therefore these analyses now complete the non-extremal flux side of the story ex- 
pected in [TJ [25] in a satisfactory manner. 
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Chapter 6 
Conclusion 



Over the course of this thesis, motivated by cosmological and particle physics 
theories, we expanded the spectrum of Klebanov-Strassler type solutions of String 
Theory. In the first part, we have applied the Ouyang embedding of D7-branes [17] to 
the warped resolved conifold background of Pando-Zayas and Tseytlin [M] . We found 
a supergravity background that breaks supersymmetry spontaneously due to fluxes 
of type (1,2) without generating a bulk cosmological constant. The pullback of the 
NS B-field onto the D7-worldvolume gives rise to D-terms, which vanish in the limit 
of vanishing resolution parameter a — > 0, i.e. when we approach the original singular 
background of [T7j. We also find that the worldvolume flux in the original embedding 
is non-primitive and should therefore break supersymmetry. A cancellation of this 
effect by adding gauge fluxes would be worth further study. We should then also 
re-examine the D-terms we find on the resolved conifold. In the case we studied, 
the D7 gauge fluxes were zero and the D-terms entirely due to the non-primitive NS 
B-field. In general we would also expect F-terms from the D7 worldvolume theory. 

In parallel to the IIB discussion we have also studied the F-theory lift of our 
background. We showed how the non-primitive ISD G^-flux lifts to non-primitive 
self-dual G4 flux, which should be proportional to J A J. We gave an explicit construc- 
tion of the normalisable harmonic forms that correspond to the D7-branes. These 
harmonic forms would appear as second cohomologies of the compactified fourfold. 
We showed how a compact non-Kahler threefold base could be constructed which 
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would have the required local features of a resolved conifold background that we 
studied for the type IIB scenario. 

In the second part of the thesis, we used these results and the work of [U |28j 
[29] on thermal solutions to explore further String Theory solutions with a particle 
physics perspective. Using the supergravity equations of motion in a GKP fashion, 
we obtained a much clearer picture of the backreactions from the black hole, branes 
and fluxes on the non-extremal geometry and its UV completion. More particularly, 
we gave a detailed analysis of the backreaction on the 3-form fluxes from the branes 
and non-extremal geometry, which induced flavor and temperature respectively. As 
was anticipated in [26] EI], we showed that these backreactions tend to make the 
3-from flux non-ISD. Interestingly, the appearance of the black hole radius on the 
fluxes is, to the order that we present here, implicit: it enters the fluxes only via the 
squashing factor F(r) (or a 2 ). This thereby confirms a result that was anticipated in 
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Appendix A 



Ouyang embedding of D7— branes 
on the resolved conifold 



In this appendix we describe how D7-branes can be embedded in the PT back- 
ground. We use the Ouyang [17] embedding 

z = fi 2 , (A.l) 



where z is one of the holomorphic coordinates defined in (2.18). While this choice was 
orginally made for the singular conifold, it continues to give a consistent holomorphic 
embedding on both patches. From (2.18), it is clear that selecting z = fi 2 on if_ 



implies that — uX = [i 2 on the intersection with H + , which consistently gives z = fi 2 
on all of H + . 

While the case \x ^ 0, where the D7-brane does not extend to the tip of the throat, 
is of primary interest for inflationary models, we set \i = for simplicity of calculation. 
As a consistency check we should always be able to recover a supersymmetric solution 
in the limit a — > 0. The D7-brane induces a non-trivial axion-dilaton 

% N 

r = - + —\ogz, (A.2) 
g s 2m 

where iV is the number of embedded D7-branes. Our goal is to determine the change 
the dilaton induces in the other fluxes and the warp factor. We will closely follow the 
method laid out in [T7j and solve the SuGra equation of motion only in linear order 
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g s N. That said, we neglect any backreaction onto the geometry beyond a change 
in the warp factor, i.e. we will assume the manifold remains a conformal resolved 
conifold. 

Consider first the Bianchi identity, which in leading order becomes (H 3 indicates 



the unmodified NS flux from (2.30), whereas the hat indicates the corrected flux at 
leading order) 



dG 



■ = dF 3 -dr AH 3 -t A dH 3 = -dr A H 3 + 0((g 8 N)' 

" N dz 



(A.3) 



A (dfi(p) A d9i A sin 6>i dfa + df 2 (p) A d6 2 A sm6 2 dfa) + 0((g s Nf 



lixi z 

In order to find a 3-form flux that obeys this Bianchi identity, we make an ansatz 



G, 



E 



(A.4) 



where {rji} is a basis of imaginary self-dual (ISD) 3-forms on the resolved conifold 



given in (3.15). We find a particular solution in terms of only four of above eight 
3-forms 



P 3 = a 1 {p)r n + e- i ' p/2 a 3 (p,6 1 )ri 3 + e-^ /2 a4(p,62)v4 + U8(p)V8, (A.5) 



with 



a 3 



«4 



r atd 72a 4 - 3p 4 + aV(log(p 2 + 9a 2 ) - 561ogp) X 

-™ 9sNP cot 2 

-9^jVP^- 9Q2l ^ 2 + 9Q2 )cot^ 
87rpVP 2 + 6a2 2 



(A.6) 



3a 2 



p 2 + 3a 2 



AT p -9(p 2 + 4a 2 ) + 28p 2 logp + (81a 2 + 13p 2 ) log(p 2 + 9a 2 ) 
6g s iy P . . h aAp) 

8vrp VP 2 + 6a VP 2 + 9fl2 
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Note that a§ is implicitly given by a±, which in turn is determined via the first order 
ODE 



a'i(p) 



p(p 2 + 3a 2 ) (p 2 + 9a 2 )v/p 2 + 6a 2 



(162a 6 + 78a 4 p 2 + 15a 2 p 4 + p 6 
a/p 2 + 6a 2 



tti(p) 



+3g s NP- 



-162a 6 + 99a 4 p 2 + 63a 2 p 4 + 6p 6 + Ua 2 p 2 (p 2 + 9a 2 ) log 



p 2 +9, 



4ttpVp 2 + 9a 2 

Letting a — >• in above equations, we do indeed recover the singular conifold solution 
of [T7]. Keeping the resolution parameter a finite instead, we can solve for «i(p) 

\ 8 a 2 - 36(p 2 + 3a 2 ) log (*) + (10p 2 + 72a 2 ) log 



«i(p) 



3^ s iVP 



87rp 3 v/p 2 + 6a 2 v/p 2 + 9a 2 

Furthermore, we find a homogeneous solution 



(Ai 



G 



horn 



1 (z, p) 77! + e-^ 2 /3 3 (p, 0i) r/ 3 + e-^ 2 /3 4 (p, 9 2 ) p 4 (A.9) 
+e~ i *l3 B (p,e u e 2 )ri s + Ps&plvs, 



with 



-3i 



8p 3 v /p 2 + 6a 2 v / P 2 + 9a 2 



[l2(p 2 + 3a 2 ) log ^ + 18a 2 + 10(p 2 - 9a 2 ) log p 
+ (13p 2 + 99a 2 ) log(p 2 + 9a 2 )] 



ft 
ft 

ft 



/-36a 4 + 3p 4 + 2a 2 p 2 (201ogp-log(p 2 + 9a 2 ))\ 0, 
W6 ' 4p3(p 2 + 6a 2 ) 2 ' COt 



4p 4 v/p 2 + 6a 2 



(A.10) 



-9i (cot f cos 6*2 + cot 6>i 
2p 2 v/p 2 + 9a 2 sin 9 2 

-27ia 2 



[4 log z + 6 - 10 log p - log(p 2 + 9a 2 



8pVp 2 + 6a Vp 2 + 9 ° 2 

This solution has the right singularity structure at z = and p = 0, but it does not 
transform correctly under SL(2, Z); only the particular solution does. We therefore 
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conclude that the correction to the 3-form flux, which is in general a linear combina- 



tion of P3 and G^ om , is given by (A. 5) only 



G3 — G3 + P3 ■ 



(A.11) 



We can now determine the change in the remaining fluxes and the warp factor, at 
least to linear order in (g s N). We find the corrected fluxes from the equations 



Hi 



G% — Ga 



r — r 



and 



G3 + G3 



(A.12) 



which evaluates to 



H 3 = dp A e$ A 
+ 



2p 



(ci d&\ + c 2 <i# 2 ) + dp A (c 3 sin #! A c?0i 
» 2 \ 
Ul I c 2 sin # 2 #2 J A gZ0i A t20 2 



Ci sin 6 1 ! a0i — - c 2 sin 



c 4 sin # 2 A o?02) 
(A.13) 



= dp A A (ci sin #1 c?0i + C2 sin # 2 dfo) 

9s 

H — A (c 5 sin 6>! d6>! A d(f)\ — c 6 sin 6> 2 d6 2 A d0 2 

fi's 

1 



We 



h sin e 2 (j c 2 d0i - ci dO^J A 

have introduced the coefficients 



sin 6*i 

9s 



A dd)2 



(A. 14) 



ci = A%p y2 P + 6a2) 2 ( 72fl4 - 3 ^ - 56a V lo S P + «V log(p 2 + 9a 2 )) cos I 
c 2 = 



^|^(p 2 -9a 2 log(p 2 + 9a 2 )) cos | 



(A.15) 



C 3 = n — n + 



C 4 = 



+ £5 

p 2 + 9a 2 8vrp(p 2 + 9a 2 ) 

+ (10p 2 + 8 
3g s P(p 2 + 6a 2 ) , g 2 s NP 



- 36a 2 - 36p 2 log a + 34p 2 log p 



Kp a 



(9 9 \ 

sin y sin y j 

18a 2 - 36(p 2 + 6a 2 ) log a + (34p 2 + 36a 2 ) log p 
(10p 2 + 63a 2 ) log(p 2 + 9a 2 ) + (12p 2 + 72a 2 ) log ^sin y sin 
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c 5 = g s P + 



r, 9 2 S PN 

c 6 = 9 S P + 



a 2 PN r 

247r(p 2 + 6a 2 ) i 18 ^ " 36(/?2 + 6 ° 2) l0g ° + 8(2/?2 " 9 ° 2) l0gP 

+ (10p 2 + 63a 2 ) log(p 2 + 9a 2 ) 

a 2 PN r 

^ — - - 36a 2 - 36p 2 log a + 16p 2 log p + (10p 2 + 81a 2 ) log(p 2 + 9a 2 ) 
24:71 p 2 L 

This allows us to write the NS 2-form potential 

9 \ 

6i(p) cot y d9 1 + 6 2 (p) cot y d9 2 J A e^, 

(1 + log(p 2 + 9a 2 )) log (sin | sin |) + 6 3 (p) 

^— r (-36a 2 + 9p 2 + 16p 2 logp + p 2 log(p 2 + 9a 
127rp^ 

x sin 9 2 d9 2 A d0 2 

with the p-dependent functions 
9 2 S NP 



+ 



(A.16) 

sin 9\ d9\ A d(f>i 
; ))log (sin y sin y^ +6 4 (p) 



&i(p) = 24 ^ 2 ^_ P 6a2) (18a 2 + (16p 2 - 72a 2 ) logp + (p 2 + 9a 2 ) log(p 2 + 9a 2 )) 
MP) = -^|^(p 2 + 9a 2 )log(p 2 + 9a 2 ) 



(A.17) 



and o 3 (p) and 6 a (p) are given by the first order differential equations 

+ (10p 2 + 81a 2 )log(p 2 + 9a 2 ) 

= _ 3 9 ,iV + 6a') _ gljVP r, _ 3 2 + 6g2 
Kp d 8iiK,p 6 L 

+ (34p 2 + 36a 2 ) logp + (10p 2 + 63a 2 ) log(p 2 + 9a 2 ) 



The five-form flux is as usual given by 



F 5 = (l + i w )(dh- L AdV) 



(A.19) 



In order to solve the supergravity equations of motion, the warp factor has to fulfill 



h 2 Ah' 1 - 2h 3 djT 1 d n hT x g 



1 „mn 



-Ah = * 6 



G 3 AG 3 
6 (r - r) 



6 



* 6 dF 5 , (A.20) 
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where A is the Laplacian on the unwarped resolved conifold and all indices are raised 
and lowered with the unwarped metric. This should be evaluated in linear order in 
N, since we solved the SuGra eom for the fluxes also in linear order. However, we 
were unable to find an analytic solution to this problem, so we need to employ some 
simplification. We can take the limit /)>a, i.e. we restrict ourselves to be far from 
the tip. As in the limit a — » we recover the singular conifold setup [17] . we know 
our solution takes the form 



with L 4 = 27irg s a'Q/4:. Unfortunately, we cannot give an explicit expression for the 
a 2 j p 2 corrections. However, above result is already an improvement over using the 
simple Klebanov-Tseytlin warp factor (which is strictly only valid for the singular 
solution, but is often employed in the deformed KS geometry). 




(A.21) 
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Appendix B 
List of Acronyms 



Acronym 


Definition 


KW 


Klebanov-Witten[3T] 


KS 


Klebanov-Strassler[T9] 


KT 


Klebanov-TseytlinfTB"] 


PT 


Pan do Zayas-Tseytlin[3l] 


GKP 


Giddings-Kachru-Polchinski|30j 


AdS 


Anti de Sitter 


ADS 


Affleck-Dine-Seiberg 


CFT 


conformal Field Theory 


ISD 


Imaginary Self-Dual 


AISD 


Anti Imaginary Self-Dual 


RG 


Renormalisation Group 


QCD 


Quantum Chromodynamics 


SuGra 


Supergravity 


CY 


Calabi-Yau 



KKLMMT Kachru-Kalosh-Linde-Maldacena-McAllister-Trivedi [ID] 

TN Taub-NUT 

RHIC Relativistic Heavy Ion Collider 
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